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Abstract 

This work is a dissertation thesis written at the WWU Miinster (Germany), supervised 
by Prof. Dr. Raimar Wulkenhaar. We present an approach to adehc physics based on the 
language of algebraic spaces. Relative algebraic spaces X over a base S are considered 
as fundamental objects which describe space-time. This yields a formulation of general 
relativity which is covariant with respect to changes of the chosen domain of numbers 
S. With regard to adelic physics the choice of S as an excellent Dedekind scheme is of 
interest (because this way also the finite prime spots, i.e. the p-adic degrees of freedom 
are taken into account). In this arithmetic case, it turns out that X is a Neron model. 
This enables us to make concrete statements concerning the structure of the space-time 
described by X. Furthermore, some solutions of the arithmetic Einstein equations are 
presented. In a next step, Yang-Mills gauge fields are incorporated. 
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0.1. Preface 

Unless otherwise specified, let if C M be an algebraic number field (i.e. a finite algebraic 
extension of Q), and let Ok be the ring of integral numbers of K (i.e. the integral closure 
of Z in K). For example, think of Ok = ^ and K = Q. 

In this thesis we present a reformulation of general relativity and (pure) Yang-Mills 
theory within the bounds of arithmetic algebraic geometry. Relative algebraic spaces 
X — > 5 will be considered as fundamental objects which describe space-time. We will see 
that one is reduced to the well known theories in the special case S = SpecC. But one 
may also make other choices for S. We are especially interested in the case S = Spec Cj^. 
This choice is motivated as follows. 

Since 1987, there have been many interesting applications of p-adic numbers in physics. 
In his influential paper [Voll], I.V. Volovich draws the vision of number theory as the 
ultimate physical theory, where numbers are proposed as the fundamental entities of the 
universe. It is argued that the development of physics over arbitrary (number) fields 
might be necessary. In particular, this implies the incorporation of p-adic numbers in 
physical theories. Since then, many p-adic models have been constructed. A very nice 
overall view with respect to the various applications of p-adic numbers in mathematic 
physics may be taken from the book [VVZ]. 

At first, let us mention that applications of p-adic numbers in quantum physics are 
of interest ([VVl], [VV2], [VV3], see also [Meu]). Let us recall that there is a canonical 
way to generalize ordinary quantum mechanics to the p-adic world. As illustrated in 
[Wey] and [VV2], ordinary one-dimensional quantum mechanics can be given by a triple 
(L2(M),VFcx)(-z)) Uoo{t)), where L2(M) is the Hilbert space of complex- valued, square- 
integrable functions on M, z is a point of the real classical phase space, Woo{z) is a 
unitary representation of the Heisenberg-Weyl group on L2(M), and Uc^{t) is a unitary 
representation of the evolution operator on L2(M). According to the Vladimirov- Volovich 
formulation, one-dimensional p-adic quantum mechanics is a triple 

(^L2{Qp),Wp{z),Upit)') 

where L2{Qp) is the Hilbert space of complex- valued, square integrable functions on 
Qp (with respect to the Haar measure), and Wp{z) is an unitary representation of the 
Heisenberg-Weyl group on L2(Qp). Furthermore Up{t) is an unitary evolution operator 

Up{t)ipp{x) = I Kp{x,t;y,0)tl}p{y)dy 

on L2{Qp), whose kernel Kp{x,t;y,0) is defined in complete analogy to the real case by 
a path integral. The operator Up{t) and its kernel satisfy the canonical group relations 
Up{t + t') = Up{t)Up{t') and Kp{x,t + t'-,y,{}) = Kp{x,t; z,0)Kp{z,t';y,0)dz. The 

p-adic Feynman path integral is investigated in [DDN2], where an explicit formula for 
the kernel of quadratic Lagrangians is derived. This is the basis of a quantum mechanical 
treatment of the p-adic harmonic oscillator ([Dral]). Like in the realm of real numbers. 
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this is an exactly solvable model (see also [Zell], [Zel2]). However, these general tech- 
niques are not limited to non-relativistic quantum mechanics. For example, the free 
relativistic particle is considered in [DDNl]. 

With regard to this thesis, gravity is of special interest. In [ADFV], the p-adic ver- 
sion of general relativity in the setting of p-adic differential geometry is considered and 
cosmological models are studied (see also [Dra2], [Dra3], [DFU], [DNl] - [DN4]). The 
starting point are the Einstein gravitational field equations 

which make sense as well over M as over Qp (for all p) if the constants A and k are 
assumed to be rational numbers. As an application of p-adic quantum mechanics to the 
p-adic cosmological models, minisuperspace cosmological models are investigated (see 
e.g. [DDNV]). For this purpose, Feynman's path integral method in the Hartle-Hawking 
approach [Haw] was exploited (see [Dra6], [Dra7]). Thereby, the wave function of the 
universe still takes complex values, but its argument is not necessarily real but also p-adic 
or even adelic. Adeles enable us to regard real and p-adic numbers simultaneously. More 
precisely, an adele is an infinite tuple 

X = (x2, • • • J Xp, . . . , a^oo)) 

where x^x, € K and Xp £ Qp with the restriction that one has Xp G Zp for all but a finite 
set of primes. In many papers, which were cited above, not only the p-adic models are 
formulated, but also the adelic generalization of these models are studied. These adelic 
models unify in a certain way the ordinary (i.e. M-valued) and p-adic models. In this 
sense, adelic models may be considered as very canonical. 

Adelic physical models are the starting point of this thesis. But, instead of working 
directly with adeles and the respective adelic space-time models as it is usually done, we 
will study a new, purely geometric approach to adelic physics based on relative algebraic 
spaces X S, S = SpecOx- However, there are close relations between these two 
approaches as it may be seen in the following example. 

0.1 Example Let us choose K = Q. Consequently, Ok = ^ and S = SpecZ. Further- 
more assume that the relative algebraic space X over S is representable by a smooth, 
separated S'-scheme, i.e. let us consider a smooth, separated morphism tt : X — > SpecZ 
of schemes. Set-theoretically, SpccZ consists of infinitely many closed points (one point 
for each prime number p) plus one generic point which we will denote by oo, and 
which corresponds to the zero ideal of Z. Furthermore, X may be viewed as union 
M 7r'~^(p) U 7r~^(oo) of the fibres of tt, and at least set-theoretically we obtain the fol- 
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lowing picture: 
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In our arithmetic setting (and in analogy to complex algebraic geometry), a "physical 
point" X is given by an S*- valued point of X, i.e. by a section s : SpecZ --^ X of the 
structure morphism vr (i.e. vr o s = id). More precisely, x is given by the image of s (this 
is a closed subscheme of X). However, set-theoretically, s cuts out one closed point in 
each fibre. Thus, in analogy to the adelic situation, an S'-valued point x may be viewed 
as a set of points: 



Furthermore, according to the point of view of adelic physics, each archimedean point 
(resp. each morphism over the archimedean prime spot at infinity) is only the archi- 
medean component of an adelic point (resp. an adelic morphism). In short, everything 
in the archimedean world comes from the adelic level. If now : Y ^ SpecZ is an 
arbitrary smooth ^-scheme and if we denote by Yk the pre-image ip^^{oo) of oo under ip, 
the above extension property (from the archimedean to the adelic level) reads as follows 
in algebraic geometry: 



All in all, instead of adeles, the set X{S) of 5-valued points of an algebraic space X ^ S 
is the set of interest in our approach. The objective of this thesis is the investigation 
of a new approach to general relativity and (pure) Yang-Mills theory based on algebraic 
spaces. The condition (*) makes clear why Neron models will be of particular interest. 
We will illustrate in section [0?3l that our approach is naturally settled in the realm of adelic 
physics. But as the starting point are algebraic spaces, powerful algebraic geometric tools 
yield interesting, new insight. 



X = {X2, . . . 




For every K -morphism fx ■ Yk Xk, there is an 
S -morphism f : Y ^ X which extends fx- 
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0.2. Introduction 

According to the theory of general relativity, space-time may be described by means of a 
differentiable manifold. Thereby, gravity is encoded in a metrical tensor g which satisfies 
the Einstein equations. More precisely, our starting point are the complex gravitational 
field equations. Then, any solution of the Einstein equations gives rise to a complex 
manifold. For technical reasons, we will once and for all assume that this classical space- 
time manifold may be realized as a compact complex manifold X which is Moishezon. 
The latter condition means that 



transdegc ^i^(X)^ = dime X, 



where K{X) denotes the field of meromorphic functions on X. For example, all algebraic 
manifolds fulfill this equation. Therefore, following the ideas of [ADFV], where it is 
among other things argued that one should restrict to algebraic manifolds in quantum 
cosmology, our assumption is not too restrictive. However, let us at least mention that 
there are Moishezon manifolds which are not algebraic. 

The technical reason why we restrict attention to Moishezon manifolds is the following 
beautiful theorem due to Artin. 

0.2 Theorem There is an equivalence of categories 

[Moishezon manifolds] [smooth, proper algebraic spaces over C 



This theorem enables us to consider the ordinary complex space-time manifold X as a 
complex algebraic space. Now the following observation is crucial. While, on the level 
of manifolds, the theory is essentially adapted to the complex numbers, the language of 
algebraic spaces offers to possibility to replace C by any commutative ring. 

In 1987, I.V. Volovich suggested that a fundamental physical theory should be for- 
mulated in such a way that it is invariant under change of the underlying number field 
(see [Vol!]). According to the 2006 paper [Dra5] of B. Dragovich, such a number field 
invariant model has not yet been constructed. This motivates the following program 
which will be studied within the first part of this thesis: 

a) Replace the pair {X, g) consisting of a (complex) manifold X and a metric by a 
pair 

'x^S.g 

where X is a smooth, separated algebraic space over an arbitrary base 5, and where 
5 is a metric over X (see Definition I1.27P . 

b) Starting from exactly the same physical principles as in the realm of manifolds, 
deduce the equations of Einstein's theory of general relativity in the setting of 
algebraic spaces over an arbitrary base S (thus realizing a number field invariant 
theory). Determine the pair {X S,g) in such a way that Einstein's equations 
are fulfilled. 
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c) Investigate properties of hypothetical space-time models {X S, g) depending on 
the choice of the base S. 

0.3 Remark Principally, there are many interesting possible choices for S. For example, 
there is the case of positive characteristic, i.e. S might be chosen as the spectrum of a 
(finite) field or as function field of an algebraic curve over a finite field. However, in those 
models {X — > S,g), which will be studied within the bounds of this thesis, we will often 
choose S to be representable by an excellent Dedekind-scheme with field of fractions K 
of characteristic zero (see Definition 10.41) . Then the following two cases are of interest: 

a) S is Zariski zero-dimensional and given by the spectrum SpecK of a field K of 
characteristic zero. Especially in the case K = C, everything may be translated 
back into the language of manifolds (by Theorem 10.21) . 

b) S is Zariski one-dimensional. In this case we are interested in the choice S = 
SpecOi^, where Ok C K is the ring of integral numbers of an algebraic number 
field K (e.g. K = Q and Ok = Z). 

But what is the physics behind the choice S = SpecOi^? Why should we consider num- 
ber fields instead of real or complex numbers? Following the ideas of B. Dragovich, V.S. 
Vladimirov, I.V. Volovich and many others (see also section [OTT]) . let us state at least two 
arguments at this place. The first argument concerns the process of measurement. While 
it is not clear at all whether transcendental numbers can be the result of a measurement, 
integral (or rational) numbers can. Second, we know from Einstein that gravity is en- 
coded in deformations of space-time scales (described by means of the metrical tensor g). 
Looking at the energy scale that we experience, it is an empiric fact that we may assume 
that gravity is completely encoded in the archimedean scale and that non-archimedean, 
p-adic scales may be neglegted. Nevertheless, there is no reason why this should be true 
on all energy scales down to the Planck scale. It is an appealing project to study physi- 
cal models where not only the ordinary, archimedean degrees of freedom are taken into 
consideration, but also the p-adic, non-archimedean degrees of freedom. This was one 
starting point for the adelic models which we cited in section 10. 1[ Physically, the adelic 
approach means: 

There is one degree of freedom per primespot and dimension. (*) 

As already indicated in Example 10.11 the principle (*) may as well be realized by con- 
sidering algebraic spaces over Ok- This motivates the following Definition 10.41 (whose 
physical motivation will be illustrated in Remark l0.6p . Recall that, given two relative 
algebraic spaces X — > 5 and F — > 5, we denote by X(Y) the set of 5-morphisms Y ^ X. 
Furthermore recall that for an algebraic space tt : X ^ S we denotes the fibre of vr over 
the generic point of S by Xk (physically this generic fibre represents the archimedean 
component of the algebraic space). 

0.4 Definition Let S be an excellent Dedekind scheme with field of fractions K of 
characteristic zero. Consider a pair {X S, g) consisting of: 
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• a smooth, separated algebraic space n : X ^ S over S 

• a metric g on X (see Definition ll.27|) 
such that the following conditions are fulfilled: 

(i) g satisfies the Einstein equations 11.351 

(ii) For each smooth algebraic space y — > S and each JC-morphism uk '■ Yk 
there is an 5-morphism u :Y ^ X extending uk- 

Then the pair [X — > S,g) is called a model of type (GR). 

0.5 Corollary In the setting of Definition let us assume that the algebraic space 
TT : X ^ S is representable by a smooth and separated S -scheme. Then, the morphism u 
in Definition \0.4\ b) is uniquely determined, i.e. X —>■ S is the Neron model of its generic 
fibre Xk (see Definition \6. In particular, the following statements hold: 

a) If Uk is an isomorphism so is u. 

b) For each etale S -scheme S' with field of fractions K' the canonical map X{S') — > 
Xk{K') is bijective. 

PROOF In order to prove the uniqueness assertion let us choose two morphisms u, v 
extending uk- Using the separatedness of X ^ S we conclude from [Liu], Prop. 3.3.11, 
that u and v are equal if they coincide on a dense subset of Y. Therefore, it suffices to 
show that the generic fibre Yk of Y is dense in Y. This may be done as follows: Due to 
smoothness, the structure morphism / : y — > 5 is an open map of topological spaces (use 
[BLR], Prop. 2.4/8 and [EGA IV2], 2.4.6). The openness of / implies that the pre-image 
f~^{D) of any dense subset D of 5 is dense in Y. Therefore, we are done, because the 
generic point of S is dense in S. Consequently, X ^ S is the Neron model of its generic 
fibre. 

The statements a) and b) follow directly from the universal property of Neron models. 
For example, choose y = 5' in order to see b). □ 

0.6 Remark If 5" = Specie is the spectrum of a field K, condition (ii) of Definition 10.41 
is empty. If furthermore K = M, any model of type (GR) induces a solution of Einstein's 
theory of general relativity (by evaluation at M- valued points). This explains the label 
model of type (GR), because (GR) shall remind of general relativity. However, in the 
case 5 = Spec Ok we arrive at the following physical interpretation: 

• Condition (ii) implements the "adelic" point of view. 

In order to see this, let us choose S = SpecZ and therefore K = Q. Recall that the 
generic fibre Xk of X represents the archimedean component. Then condition (ii) 
says that the archimedean world is only the projection from the "adelic" level to 
the archimedean component. In truth, everything is defined over all prime spots, 
and there is one degree of freedom per prime spot. 
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• We saw in Corallary 0.5 that condition (ii) implies a canonical bijection Xk{K) = 
X[S). Recall that Xk{K) is the set of archimedean points, and that X{S) is the 
set of "adelic" points. In the special case K = the bijection Xk{K) = X{S) 
means exactly that every archimedean point Xqo £ Xk{K) of X is in truth only 
the archimedean element Xqo of an infinite set of points x = {x2, • • • , Xp, . . . , Xoo} S 
X{S). Finally, Corallary 0.5 a) reflects the physically crucial statement that any 
"deformation" of the archimedean component by means of isomorphisms extends 
to the "adelic" level. 

Furthermore, we immediately obtain the interesting result that the pair {X S,g) 
cannot be the flat Minkowski space-time if we are in the "adelic" situation S = Spec Ok- 

PROOF Let S = Spec Ok and assume that {X S,g) describes the flat, topologically 
trivial Minkowski space-time. Then 

• 5 = diag(±l, ±1, ±1, ±1) and 

• X = A'g or X = depending on whether we work projective or notH 

But if X = Ag, then ivT" ^ Xk{K) ^ X{S) ^ O]^, and if X = Pg, not every morphism 
UK extends to an 5-morphism u (see Example 15.4(1 . Therefore, the flat, topologically 
trivial Minkowski space-time is impossible. □ 

In chapter m we will study a particularly simple class of models of type (GR) which we 
call models of type (SR). 

0.7 Definition Let {X S,g) be a model of type (GR) in the sense of Definition 10.41 
and let Xk be the generic fibre of X. Then the pair {X S,g) is called a model of type 
(SR), if in addition the following condition holds: 

(iii) Xk is a commutative iC-group (see Definition lll.46|l . 

More precisely, the K-group Xk should be considered as a K-torsor under Xk (see 
Definition 18. 7p . The latter means that the special choice of a zero element of the group 
is forgotten as it should be for physical reasons. 

In order to generalize this notion slightly, one may also admit i^-torsors Xk under K- 
groups Gk / Xk- However, we will restrict attention to the case Gk = Xk- 

Definition 10. 71 is motivated by special relativity with electromagnetism: The Minkowski 
space-time of special relativity naturally carries an additive, commutative group struc- 
ture, and the gauge group of electromagnetism is commutative, too. This explains the 

^Recall that the afRne space A5 may be regarded as the algebraic geometric analogue of flat 
space. In order to see this, let S = Speci? be the spectrum of a commutative ring R. Then 
Ag = Spec_R[Ti, . . . ,T„] is the spectrum of a polynomial ring in n variables. Consequently, 
Ag(S') = noiaR{R[Ti,...,T„],R) = R". In the special case 71 = K, K = R, C, the space-time 
induced by A^ is the flat manifold AS(S') = K". 
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label model of type (SR), because (SR) shall remind of special relativity. Due to the addi- 
tional condition (iii), models of type (SR) are simpler than models of type (GR), and one 
can prove many properties of models of type (SR) in an abstract manner without fixing 
a special model. More precisely, we will see in chapter [3] that the following statements 
are true for all models of type (SR). 

0.8 Properties of models of type (SR). Let {X S,g) be a model of type (SR). 
Then the following statements are true: 

a) X ^ S is etale-invariant. More precisely, this statement means the following: Let 
If : X X he an etale 5-morhpism, and let {X' 5', g') be the pair obtained from 
{X S, g) by base change with an etale morphism S' S. Then, [X S, f*g) 
and {X' 5', g') are models of type (SR), too (see section [XT]) . 

b) X cannot be the flat, topologically trivial Minkowski space (see section [3?2l for more 
details). 

c) The archimedean component Xk^K) is bounded with respect to all p-adic norms. 
In the special case K = Q and under the assumption that there is a closed im- 
mersion Xk ^ A^, this is the following statement: For each prime number p, 
the p-adic manifold XxiQp) is a bounded subset of some with respect to the 
canonical p-adic norm | • \p. 

PROOF We know that Xk possesses a global Neron model. Consequently, the local 
Neron models exist (see Proposition 16.5(1 . Therefore, due to Proposition 13.51 it is 
necessary that Xk{K) or even the continuum Xk{K) is bounded (see section [33] 
for details and the notion of bounded). □ 

d) The archimedean component Xk{K) carries a discrete geometry. More precisely, 
Theorem 15.11 tells us that Xk{K) is a finitely generated abelian group, i.e. 

XKiK) ^ z'^ (BZ /{p";') e ■ ■ ■ ez /{p'^') 

for some prime numbers pi £ N and integers d, s, Ui £ N. In the special case d = 0, 
Xk{K) consists of only finitely many points. For a more detailed exposition we 
refer to chapter [5l 

The finiteness of the set Xj^iK) would also be desirable in the case that {X — > S, g) 
is a model of type (GR). However, it is unequally harder to see in how far this should 
be true. Nevertheless, motivated from what we already know about models of type 
(SR), it does not seem senseless to demand the finiteness of the set Xk[K) in the 
case of models of type (GR). 

e) The privileged character of four-dimensional spaces: Let us consider pure gravity 
which is described by means of a euclidian metrical tensor (7^,^. Over the field M, 
the metric takes the form diag(l, . . . , 1) in inertial systems. Interpreting the metric 
as a quadratic form g : M" x M" M+, we observe two fundamental properties: 
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• anisotropy: g{v, v) = if and only if f = 0. 

• surjectivity: For all positive r € M there exists a v € such that g{v, v) = r. 
Physically, this means that scales do not have holes. 

We will see in section l^?T] that metrics over non-archimedean fields which fulfill the 
non-archimedean analogues of these two properties only exist in four dimensional 
spaces. Therefore, also in the case of number fields, we are naturally let to four 
dimensional spaces by means of the theorem of Hasse-Minkowski. 

Additionally, in the case of number fields, we will see in section HIT] that the archi- 
medean tangent space 7x^/^(xoo) at an archimedean point Xqo S Xk{K) nat- 
urally carries the structure of a quarternion algebra. This implies that we may 
write pairs {A., A) consisting of a gauge field A and its anti-field A in the form 
{A, A) = Yl^iJL=Q -^^Ifi with gamma matrices fulfilling the relations 

f ) If we do not demand the quasi-compactness of the archimedean component Xk of 
X, one can prove that Xk possesses a Neron model if and only if there is an exact 
sequence 

^ Tk ^ Xk ^ Ak ^ 

over some algebraic closure of K , where Tk is an algebraic torus and Ak is an 
abelian variety (see section I3.3p . While Ak is p-adically bounded, Tk is not. 
This obtrudes the interpretation of Ak as space part and the interpretation of 
the torus Tk as an internal, gauge group part which we therefore associate with 
electromagnetism. Thus, Xk should appear as Ai^-'torsor under Tk (which is the 
algebraic geometric analogue of the differential geometric principal bundle of gauge 
theory). 

g) On the "adelic" level there is some kind of entanglement of dimensions. For example, 
it is in general not possible to diagonalize the metric at the "adelic" points of X{S) 
(see also Remark l3.26p . 

Let us remark that the statements a) and b) are also true for models of type (GR). 

0.3. The continuum limit - Comparison with the adelic 
model 

Within this section let [X S,g) be a model of type (GR) (see Definition 10. 4|) . and 
assume for simplicity that S = SpecZ and that X ^ S is representable by a smooth 
5-scheme. Then, on the fundamental level, space-time is given by the set X{S). The 
metrical situation at a point a £ X{S) is described by the pull-back metric a*g. 
The purpose of this section is to answer the following questions: 
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• What is the archimedean, real continuum limit Xqo of {X S,g)7 

• What are the non- archimedean continuum limits Xp of {X S,g)? 

• Does the family X^, u = 2,3,5, ... ,p, ... ,00, give rise to an adelic continuum limit 
3i of {X ^ S,g) which is adelic in the sense of B. Dragovich, I.V. Volovich et. al.? 

We will see that the last question has a positive answer. Therefore, our new approach via 
algebraic spaces presented within the bounds of this thesis fits exactly into the beautiful 
context of adelic, general relativistic (cosmological) models. 

The archimedean continuum limit Xoo 

As usual, let Xk denote the generic fibre of X, and denote by gx the pull-back of g 
under the canonical inclusion Xk ^ X. Then, the archimedean limit is obtained by 
evaluation at X-valued points: 

(^XK{K),gK) 

More precisely, the metric gx at an arbitrary point x G Xk{K) is by construction the 
symmetric bilinear form gxix) ■= x*gK : K x K ^ K (see the beginning of section H?T]l . 
The continuum limit is obtained by applying the pull-back with i : X^ Xk, where i 
is induced by the canonical map K ^ R. It is therefore the pair 

(^oo,5oo) := {XKi^),i*gK)- 

By construction, {Xoo, goo) may be endowed with the structure of a differentiable Rie- 
mannian manifold, and in addition it is a solution of Einstein's classical theory of general 
relativity. 

As already indicated in 10.81 d), it is natural to assume that XxiK) is a finite set. 
Then, Xk{K) is a discrete subset of the continuum Xoo and is invariant under arbitrary 
/C-isomorphisms ipK ■ Xk Xk- Furthermore, ip*KgK is a solution of the Einstein 
equations for all ii'-isomorphisms ipK- Therefore, {Xk{K), gK) describes metrical states 
on smallest scales. At distances much larger than these smallest lengths, it is admissible 
to work with the continuum {Xoo, goo) instead. 

The non-archimedean continuum limits Xp 

Let s G S he the Zariski closed point corresponding to a prime number p (i.e. more 
precisely corresponding to the prime ideal (p) C Z). Let R := Os,s denote the completion 
of R := Os,s with respect to its maximal ideal s. In our special case, = Zp is the ring 
of p-adic integers with field of fractions K = Qp. By base change with the canonical 
morphism SpecR — > Speci? S, X induces the i2-scheme X^ := X R which 
consists of a generic fibre and a special fibre (the latter is the fibre over the point s). 
In order to take into account all infinitesimal neighborhoods of the special fibre, let us 
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onsider the formal completion of along its special fibre. Let us point to the fact 
that Xj^ coincides topologically with the special fibre of X^. Furthermore, the metric g 
induces a metric gp on X^. Writing Xp := Xj^ for the formal completion, we define the 
non-archimedean continuum limit of {X S, g) over p as the pair 

(Xp, gp)- 

In order to illustrate the structure of the non-archimedean continuum limit, let us recall 
the notion of formal completion of a scheme Y along a closed subscheme Z C Y. So 
Z is defined by a quasi- coherent ideal I C Oy. Then consider the sheaf Oz obtained 
from restricting the projective limit lim Oy to Z . It follows that (Z, Oz) is a locally 

< n 

ringed topological space, the desired formal completion y of F along Z . Locally, the 
construction looks as follows: Let Y = Spec^ and assume that I is associated to the ideal 
i C ^. Then, {Z,Oz) = Spf lim A/i^ = SpiA, where A denotes the i-adic completion 

< — n 

of ^. 

The adelic continuum limit X 

As illustrated above, the model of type (GR) {X — > S,g) induces a family 
\ \ \ 



where {X Qo,g 00) is a real manifold which is a solution of Einstein's ordinary theory of 
general relativity. Furthermore, each object {Xp,gp) lives (as topological space) over a 
finite prime spot and also solves the corresponding Einstein's equation. 

We will illustrate now that this family canonically induces an adelic object X which is 
the adelic continuum limit of (X — > S,g) in the sense of B. Dragovich, I.V. Volovich et. 
al. For this purpose, consider the "generic fibre" X^^ := X^ := X^ (gi^ K of Xp = X^. 
This is a rigid-anaytic space, and the metric g induces a metric g^ on X^ ^ which is a 
solution of the ^?-adic Einstein equations. The pair 

(■^p,k^9p^k)- 

will be called the p-adic continuum limit of (X — > S,g). Next, let us consider the direct 
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product 

p 

We claim that X is the desired adelic object. In order to illustrate this, let us fix some 
prime number p and let us study the structure of the p-adic continuum limits ^ in 
more detail. Thereby, we make use of the notation which was already introduced in the 
previous subsection "The non-archimedean continuum limits Xp\ 

First of all, consider the polynomial ring A = R{C\ over R, where C, denotes a set 
of variables C, = (Ci? • • ■ )Cn)i and where i = (p) is the maximal ideal of R. So let Y 
be the n-dimensional affine space over R, and let Z be its special fibre. Then the 

formal completion F of y along Z yields the formal affine n-space Spfi?(C)- Thereby, 
the i?-algebra -R(C) of restricted power series in the variables Ci,...,Cn is defined as 
the subalgebra of the i?-algebra i?[|C]] of formal power series, consisting of all series 
Si/gN" ^^^^ with coefficients Ci, <E R constituting a zero sequence in R (with respect 
to the p-adic topology on R). The "generic fibre" of Y is the affinoid iiT-space 
Sp(i?(C) K) = Spi^(C) which (set-theoretically) coincides with the set of maximal 
ideals of k{C). Consequently, Y^^ C Yf^ ^ Y{k) ^ coincides with the unit ball 
B| := G I \x\p < 1} (where denote the rigid-analytification of := Y®f^k). 

In the special case n = 1, may actually be identified with the p-adic integers Zp. 
Let us now return to our scheme X^, but let us first assume that it is defined by an 

ideal a C -R[C], where C, denotes as above a set of variables C, = {Qi, . . . ,Cn)- Then one 
can show that = Spf^(C)/(a). Thus, we find that X^ ^ = SpK{C)/{a) C B^, i.e. 
set theoretically we may write: 

x^ji = XK{k)nMicz;. 

However, it is a general phenomenon that the generic fibre := X^ (S)^ K should 
be viewed as an open subspace of the rigid analytification X^ of the scheme X^ := 

X^ (g)^ K. Consequently, the direct product 

p p 

is a subset of some power of the ring Az := Z x R c A of adeles. 

Finally, in the general case, we can find a covering of X by open subsets Ui, i G I, 
such that there are iS-immersions Ui ^ Ag for all i E I. Let Xi, (resp. be 
the respective continuum limits of X (resp. Ui), where v = 2,3,5, ... ,p, ... ,oo. Let 

~ (Hp -^p A') X '^^'^ ^' ~ (Hp p A') X ^i.oc ■ By the above reasoning, ilj is contained 
in an n-dimensional ring of adeles A". Therefore, X is obtained by gluing subsets of n- 
dimensional rings of adeles. Consequently, it is indeed some kind of "adelic manifold". In 
particular, we find that the adelic space-time X cannot be the fiat, topologically trivial 
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adele (A^)". This follows from the fact that on the one hand X cannot be the affine space 
Ag over S (see the statement below Remark [0.6p . but that on the other hand X = (A^)" 
if and only if X = Ag. 

All in all, this shows that our arithmetic geometric approach to general relativity 
completely fits into the well established and beautiful setting of adelic physics. 



Part I. 



Arithmetic theory of general 

relativity 
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1. Einstein's equation in the setting of 
algebraic spaces 



I. 1. Smoothness in algebraic geometry 

In this section we will recapitulate some basic concepts of differential calculus for schemes. 
We introduce notions like unramified, etale and smooth morphisms and illustrate how 
these concepts generalize structures known from differential geometry. The aim is to 
perform general relativity in the setting of smooth algebraic spaces instead of smooth 
manifolds. The algebraic geometric Einstein equations will finally be derived in section 

II. 21 Using Grothendieck 's language of schemes, our exposition on smoothness will follow 
[BLR], and we refer the reader to chapter 2 of this book for more details. 

In the following let S be a base scheme and X an 5-scheme (i.e. X is a scheme to- 
gether with a unique morphism X ^ S). Furthermore let R he & commutative ring 
with neutral element 1, and let A be an i?-algebra. The reader, who is not so much 
familiar with the notion of global schemes, may for simplicity think X = Spec A and 
S = Speci?. As we are doing algebraic geometry, we have to perform differential calculus 
with purely algebraic methods. This is done by using so called derivations. 

1.1 Definition a) An i?-derivation of A into an ^-module M is an i2-linear map 

d: A^ M such that 

difg) = f ■ d{g) + g ■ d{f) for all f,geA 
The A-module of all /^-derivations of A into an A-module M is denoted by Der^(^, M). 

b) The module of relative differential forms (of degree one) of A over R is an A- 
module together with an i2-derivation d^/ji : A — > which has the 

following universal property: For each A-module M, the canonical map 

HomA (J7\/^,m) ^^Derjj(AM), if dA/R 

is bijective. 

1.2 Remark ^\/^ exists and its universal property implies: 
a) is unique up to canonical isomorphism. 
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b) Each morphism (p : A ^ B of i?-algebras induces a canonical -B-linear map 

^A/R (^aB ^ ^]i/R, f ■ dA/nig) ® /i ^ 4>{f) ■ h ■ dB/Bi4>{g)) 

c) Considering A-derivations of B as /^-derivations yields a i?-linear map 

^B/R^^B/A^ dB/R{9) ^ d-B/A^g)- 

There is also a global notion of modules of differentials in terms of sheaves over schemes 
which has similar functorial properties. If X is locally of finite type over S there is a 
quasi-coherent Ox-niodule ^^jg- It is called the sheaf of relative differential forms (of 
degree 1). Furthermore we have a canonical Cx-linear map dx/s '■ C'x — ^ 
exterior differential. 

Since is quasi- coherent, can be described in local terms: For each 

open affine subset V = Speci? of 5 and for each open affine subset U = Specj4 of X 
lying over V, the sheaf ^x^g \u is the quasi- coherent Ox | [/-module associated to the A- 
module and the map dx/s \u is associated to the canonical map d^/R ■ A ^^a/_r- 

An important operation, which we will frequently make use of, is the pull-back of differ- 
ential forms. 

1.3 Definition (pull-back of relative differential forms) Let / : X ^ y be an 

S'-morphism. Then the map in Remark 11.21 b) gives rise to a canonical Ox-morphism 

Each section co of ^y^g gives rise to a section of f*QY/s which is mapped to a section 
f*u) of ^x/g under the above map. f*u! is called the pull-back of to. 

Let us convince ourselves that this notion of pull-back reduces to the one given in differ- 
ential geometry. 

Physical interpretation: Let S = SpecM, X = A^, Y = and let / be the map 
/ : A]^ ^ AS, T := (Ti, T^)* ^ p{T) := (pi(r), . . . ,p„(T))* , 

where T denotes a set of variables, and where pi, i = 1, . . . ,n, are polynomials in T. 
Thus, on M-valued points x £ X(M) = M"^, / is simply the map 

/(M) : ^ M", X := {x^ • • • ^ := {pi{x), . . . ,p„(x))* . 

On its ring of global sections, / corresponds to the M-algebra homomorphism 

r :M[5i,...,5„] ^M[ri,...,r„] =M[T]. 
Si ^ pi{T) 
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Writing more compactly S := {Si, . . . , SnY as a set of variables Si, we can write /* 
simply as: 

r{s)=p{T). 

This can be seen as follows: By Taylor expansion of p around a M-valued point x S 
X{R) = M"" we find a matrix q{T) e M&tmT]{n x m) such that 



p{T)-pix)=qiT)-{T-x). 

Therefore ((T - x) • M[r]) = {f*)-^{{p{T)-p{x))-R[T]) = {S - p{x)) ■ R[S], 

i.e. the M-valued point x is mapped by / to the M-valued point p{x) as desired. Now 
going into the local description of the pull-back map, we find that we have the following 
canonical commutative diagram. 



J iiy/S 



f*Ql 



i[T] 



e^iM[r]-dr, 



©n ■ 
i=l 



T] ■ dSi 



©m ■ 
i=l 



T] ■ dTi 



dSih 



Thus the pull-back of a differential form lo = h{S) • dS € ^y/g = ^^ajj 



fu; = Hns)) ■ rids) = Hns)) ■ d{ns)) = h{p{T)) ■ d{p{T)) 

dpi 



h{p{T)) 



dTi 



■dT 



and on M-valued points a; G X(M) = M"' we get 

{nh{S)dS)){x) = {hop){x) ■ [{Dp){x) ■ dx] , 

where Dp denotes the Jacobian matrix of p = /(M) : M'" — > M."'. This is just the notion 
of pull-back of differential forms we are used to from differential geometry. 



There are some exact sequences which are induced by the maps defined in Remark 11.21 
As we will make use of them later let us state them here. For proofs we refer to [EGA 
IV4], 16.4. 
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1.4 Proposition Let f : X ^ Y be an S-morphism. Then the canonical sequence of 
Ox-modules 

f*oi ^ oi ^ oi 

is exact. 

1.5 Proposition Let j : Z ^ X he an immersion of S- schemes. Let J he the sheaf of 
ideals defining Z as suhscheme of X. Then the canonical sequence of Oz-modules 

J/J^^ f^]c/s ^hs — 
is exact, where S is locally given hy the map a i— > d{a) (8) 1, a = a moD . 

1.6 Proposition Let X and S' he S-schemes. Let X' := X Xs S' he the S-scheme 
ohtained hy hase change, and let p : X' ^ X he the projection. Then the canonical map 

is an isomorphism. 

1.7 Proposition Let Xi andX-2, he S-schemes. Ifpi : XiXsX2 Xi are the projections 
for i = 1,2, the canonical map 

is an isomorphism. 

Let us now explain the concepts of unramified, 6tale and smooth morphisms. These mor- 
phisms will provide us the analogues of typical constructions from differential geometry 
like submersions and immersions. 

1.8 Definition A morphism of schemes f : X ^ S is called unramified at a point x E X 
if there exist an open neighborhood U oi x and an S-immersion 

of U into some linear space Ag over S such that the following conditions are satisfied: 

a) locally at j{x) (i.e., in an open neighborhood of the sheaf of ideals JT" defining 
j{U) as a subsclieme of is generated by finitely many sections. 

b) the differential forms of type dg with sections g of J' generate i^^ny^ at j{x). 
The morphism f : X ^ S is called unramified if it is unramified at all points of X. 

1.9 Proposition Let f : X ^ S he locally of finite presentation, let x E X and s := 
f{x). Then the following conditions are equivalent: 
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a) f is unramified at x. 

c) The diagonal morphism A : X ^ X Xs X is a local isomorphism at x. 

d) The maximal ideal of Ox,x is generated by the maximal ideal of Os,s (^nd 
k{x) is a finite separable extension ofk{s). 

The morphism f : X S is called unramified if it is unramified at all points of X. 

Before defining the central notion of smooth morphisms, let us make some remarks on 
the notion of dimensionality in the realm of schemes. Let f : X ^ S be a morphism 
of schemes. Then the relative dimension dim^; / := dim.x f~^{f{x)) = dimjjXj^j.) of / 
at a point x G X is in general defined via lengths of chains of irreducible closed subsets 
of the fibre -^/(a;)- This is explained in detail in [Liu], Chapter 2.5. In the case of S- 
immersions X ^ A§ (in which we are interested), -^/(i) is of finite type over the field 
k{f{x)) and one can show that dim.xXf(^^-^ coincides with the intuitively clear notion of 
relative dimension given in the following definition of smooth morphisms. 

1.10 Definition A morphism of schemes f : X ^ S is called smooth at a point x E X 
(of relative dimension r) if there exist an open neighborhood U oi x and an S-immersion 

of U into some linear space Ag over S such that the following conditions are satisfied: 

a) locally at y := j{x) (i.e., in an open neighborhood of j(x)), the sheaf of ideals 
defining j{U) as a subscheme of is generated by (n — r) sections gr+i, ■ ■ ■ ,gn- 

b) the differential forms dgr+i{y), ■ ■ ■ , dgn{y) are linearly independent in J7^„ ^g<Sik{y). 

The morphism / : X — > 5 is called smooth if it is smooth at all points of X. 

Physical interpretation: Let S = SpecM and let X = V(gr+i, ■ ■ ■ ,gn) C A§ be the zero 
set of (n — r) polynomials gr+i, . . . , gn € ^[Ti, ■ ■ ■ ,Tn] such that the canonical map 
f : X ^ S is smooth of relative dimension r. Therefore 

X(M) = {{xi,...,Xn) G M" I gi{xi,...,Xn) = for all r + 1 < i < n} 

is a r-dimensional differentiable manifold. X(M) ^ A§(M) = is an immersion in the 
sense of ordinary differential geometry. 

Thus the notion of smootli morpliisms is a natural generalization of immersions in the 
sense of ordinary differential geometry and analogously unramified morphisms generalize 
submersions. 

1.11 Definition A morphism of schemes f : X ^ S is called etale (at a point) if it is 
smooth (at the point) of relative dimension 0. 
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1.12 Corollary An immersion f : X ^ S is etale if and only if f is an open immersion. 
PROOF [BLR], Lemma 2.2/4 □ 

1.13 Proposition Let f : X S be a smooth morphism of schemes. Then: 

0-) ^X/Y is locally free. Its rank at x E X is equal to the relative dimension of f at x. 
b) The canonical sequence of O-^-modules 

^ f*^Y/s ^ ^ ^x/y ^ 

is exact an locally split. 
PROOF [BLR], Prop. 2.2/5 □ 

1.14 Proposition Let f : X ^ S be locally of finite presentation. Let x E X and set 
s := f{x). The following conditions are equivalent: 

a) f is smooth at x. 

b) f is flat at x and the fibre Xg = X X5 Specfc(s) is smooth over k{s) at x. 

PROOF [BLR], Prop. 2.4/8 □ 

Like in differential geometry there is a Jacobi Criterion for smoothness. The analogy to 
the classical Jacobi Criterion is particularly evident in characterization e) of the following 
list of criterions for smoothness. 

1.15 Jacobi Criterion Let X and Z be ^-schemes and let j : X --^ Z be a closed 
immersion which is locally of finite presentation. Let J7 C Oz be the sheaf of ideals 
which defines X as a subscheme of Z. Let x E X and z := j{x). Assume that, as an 
S-scheme, Z is smooth at z of relative dimension n. Then the following conditions are 
equivalent: 

a) As an S-scheme, X is smooth at x of relative dimension r. 

b) The canonical sequence of Ox-modules 

^ J/J^ ^ f^z/s ^x/s ^ 

is spilt exact at x, and r = rank(J7^^^ (g) k{x)). 

c) If dzi, . . . ,dzn is a basis of (0,^^^^)^, and if gi,...,g]\f are local sections of Oz 
generating J^z, there exists a re-indexing of the zi,...,Zn and of the gi,...,gN 
such that gr+i, ■ ■ ■ ,9n generate at z and such that dzi, . . . , dz^, dgr+i, ■ ■ ■ , dgn 
generate ($7^^^)^. 
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d) There exist local sections gr+i, ■ ■ ■ ,gn of Oz such that 

(i) gr+i, ...,gn generate J^. 

(ii) dgr+i{z), . . . ,dgn{z) are linearly independent in ®Cz ^(2^)) where dgi{z) 
is the image of dgi G {Q^^g)z in ^^/s ®Cz ^('^) ~ (^z/5)2^/^2^(^z/5)2^- 

e) There exist local sections gr+i, ■ ■ ■ ,gn of Oz such that 

(i) gr+i, ■■■,gn generate J^. 

(ii) considering a representation 

^ dg 
1=1 

of the differential forms gr+i, ■ ■ ■ ,gn with respect to a basis dzi, . . . ,dzn of 
(O^y^)^ , there is a (n — r)-minor of the matrix which does not vanish 

at z. 

PROOF [BLR], Prop. 2.2/7 □ 

1.16 Proposition Let f : X ^ Y be an S-morphism. Let x G X and set y := f{x). 
Assume that X is smooth over S at x and that Y is smooth over S at y. Then the 
following conditions are equivalent: 

a) f is etale at x. 

b) The canonical homomorphism {f*^Yis)^ ~^ (^x/s)^' *^ bijective. 

PROOF [BLR], Cor. 2.2/10 □ 

1.17 Proposition Let f : X ^ S be a morphism and x E X. Then the following 

conditions are equivalent: 

a) f is smooth of relative dimension n. 

b) There exists an open neighborhood U of x and a commutative diagram 



f\u 



p 



S 

where g is etale and p is the canonical projection. 

PROOF [BLR], Prop. 2.2/11 □ 

1.18 Proposition If X is a smooth scheme over a field k, the set of closed points x of 
X such that k{x) is a separable extension of k is dense in X. 
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PROOF [BLR], Cor. 2.2/13 □ 

1.19 Proposition Let f : X ^ S be a smooth morphism. Let s be a point of S, and let 
X be a closed point of the fibre Xg = X x sSpeck{s) such that k{x) is a separable extension 
of k{s). Then there exists an etale morphism g : S' ^ S and a point s' G S' above s such 
that the morphism f'-.XxgS'^S' obtained from f by the base change 5' — > admits 
a section h : S' ^ X x s S' , where h{s') lies above x, and where k(s') = k(x). 

PROOF [BLR], Prop. 2.2/14 □ 

1.20 Proposition Let R be a local henselian ring with residue field k. Let X be a smooth 
R-scheme. Then the canonical map X{R) X{k) from the set of R-valued points of X 
to the set of k-valued points of X is surjective. In particular, if R is strictly henselian, 
the set of k-valued points of Xk = X ®ii k which lift to R-valued points of X is dense in 

PROOF [BLR], Prop. 2.3/5 □ 

Let us finish with some remarks on flatness, because by Proposition 11.141 smooth mor- 
phisms are in particular flat. 

1.21 Proposition Let f : X ^ Y be locally of finite presentation. If f is flat, then f is 
open. 

PROOF [EGA IV2], 2.4.6 □ 

1.22 Proposition Let f : X ^ Y be faithfully flat (i.e. flat and surjective) and quasi- 
compact. Then the topology of Y is the quotient topology of X with respect to f, i. e. a 
subset V C Y is open if and only if f~^{V) is open in X. 

PROOF [EGA IV2], 2.3.12 □ 

Later, we will describe the physical models by means of smooth morphisms / : X — > 5 
of algebraic spaces, where S is an Zariski one-dimensional excellent Dedekind ring. This 
choice of S and the flatness of / guarantee that the considered models have got the 
properties that one would expect. Next to the fact that the relative dimension of the 
universe X is constant (see Lemma ri.25p . X may be considered as a "continuous" family 
of fibres Xg, s £ S; i.e. if we remove one fibre Xs C X over a closed point s G 5, we can 
fill up this hole uniquely from the data given on the open subscheme X \ Xg C X . 

1.23 Proposition Let Y be a regular, integral scheme of dimension one, let p G Y be 
a closed point, and let X ^ lPy_|p} be a closed subscheme which is flat over Y — {p}. 
Then there exists a unique closed subscheme X ^ Fy, flat over Y , whose restriction to 

PROOF [Har], Chap. Ill, Prop. 9.8 □ 
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1.24 Proposition Let f : X ^ Y be a morphism of schemes, with Y integral and 
regular of dimension one. Then f is flat if and only if every associated point x £ X maps 
to the generic point ofY. In particular, if X is reduced, this says that every irreducible 
component of X dominates Y . 

PROOF [Har], Chap. Ill, Prop. 9.7 □ 

Finally, let us conclude with the statements that illustrate the very nice behavior of the 
relative dimension of smooth morphisms. Thereby, the flatness of smooth morphisms is 
essential. 

1.25 Lemma Let f : X ^ S be locally of finite type and flat. Assume that X is 
irreducible and that Y is locally noetherian. Then the relative dimension of f is constant 
on X . 

PROOF [EGA IV2], 14.2.2 □ 

1.26 Lemma Let S be locally noetherian scheme and let f : X ^ S be a morphism of 
finite type smooth at a point x. Let s := f{x). Then ^x/s f''"^^ rank dim^; in a 
neighborhood of x. 

PROOF [Liu], Prop. 6.2.5 □ 



1.2. The arithmetic Einstein equations 

Let X ^ S he a smooth, separated 5-scheme of relative dimension n. The purpose of 
this section is the derivation of the fundamental equations of general relativity in our 
algebraic geometric setting. As the ordinary differential geometric Einstein equations 
are differential equation, we must expect that this holds in algebraic geometry, too. 
The necessary techniques concerning smoothness and differential calculus in algebraic 
geometry were summarized in section [LTI Crucial are the following notions. 

^x/s sheaf of (relative) differential forms 

Tx/s '■= TComox (P']{/s^^^^ sheaf of (relative) vector fields (see Definition I1L23P 
Tx/s ■= ^ (P'](/s) (relative) tangent bundle (see Definition lll.24|) 

One can prove (Remark I1L25P that 

T{Tx/s/U) := Bomx{U,Tx/s) = Tx/s{U) 

for every Zariski open subset U C X. Therefore vector fields correspond to sections of 
the tangent bundle. 
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1 . Einstein 's equation in the setting of algebraic spaces 



The metric tensor 

Due to smoothness, the sheaves ^x^g and Tx/s are locally free. Let us fix a local base 
{w*} of ^x/s which is dual to the local base {di} of Tx/s- 

1.27 Definition Let g : Tx/s '^x Tx/s ~^ be an X-morphism which is bilinear (see 
section [13]) . Equivalently, g may be interpreted as a global section of ^^/g- Locally, we 
may write 

9= Yl 3ij ® t^^' G ^^1/5, gij e Ox . 

l<i,j<n 

Then g is called a metric if the following conditions hold for any sufficiently small open 
subset of X: 

(i) The matrix [gij) is symmetric, i.e. gij = gji. 

(ii) The matrix (gij) is invertible, i.e. det{gij) £ Ox- 

Covariant derivation 

1.28 Definition Let V : Tx/s Tx/s ~^ ^^x/s be an X-morphism. Interpret V as a 
map 

V : Tx/s{X) X Tx/s{X) ^ Tx/s{X), (u, o) ^ VuO. 

Let us assume that V is a C'5(5)-bilinear map, where the Ox{X)-m.odvL\e Tx/siX) is 
viewed as C'5(S')-module via the canonical morphism OsiS) OxiX). Then V is 
called a covariant derivation if the following conditions hold for all / S Ox{X) and 
u,t) G Tx/s{X): 

(i) V/uO = /VuO. 

(ii) Vu(/0) = (u/)0 + /Vud. 

Thereby, uf := u(/) = (dx/s/)(u) is the canonical action of vector fields on functions 
(the differential dx/s is introduced and explained directly above Definition II. 3p . 

1.29 Definition Let V be a covariant derivation, and let u, ti and to S Tx/siX). 

a) T(u, d) := VuD — Vt,u — [u, o] is called the torsion of V. 

b) V is called torsion-free if and only if T(u, o) = for all u, 0. 

c) V is called metrical if and only if ug{t>, to) = ^(VuD, to) + g{u, Vuto) for all u, 0, tv. 

In the same way as in differential geometry one proves that there exists a uniquely 
determined covariant derivation V which is metrical and torsion-free, the Levi-Civita 
connection. The Levi-Civita connection is completely determined by the metrical tensor. 
More precisely, the Koszul formula holds. 

2g(VuO,lD) =U5-(l3,li3) - tog{u,t)) + t>g{tv,u) + g{[u,ti],)m) +g{[w,u\,v) - g{[t>,to],u) 
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Curvature 

Prom now on let V be the Levi-Civita connection. Then we may introduce the curvature 
tensor 

-Ruo(tt)) := VuVo« - VoVutt) - V[u,o]tt). 

Then the tensor 

-RjwuB := 5(^ut)(w),3) 

is called the Riemannian curvature tensor. The Riemannian curvature tensor fulfills the 
following identities. 

1.30 Proposition Let u,\},tv,:^ G Tx/s{X). Then: 



0-) Ruvtoi = 


R<0UXOi 


b) -Ruowj 


RwoiVO 


' Rmivo}, — 


Rm^uo 



d) first Bianchi-identity: -Rjuom + -Rjowu + Ritouo = 

e) second Bianchi-identity: {'VuR)oro + {^vR)tou + {^toR)uv = 
Thereby, (Vui?)ow(3) := Vu(i?t,w(3)) - Rvnt>M - ^t.,Vuw(3) - ^t.w(Vu3)- 

More generally, the covariant derivation of arbitrary tensor fields S and T with respect 
to a vector field may defined inductively as follows: Vo{S<SiT) := V^S <SiT + Vt,T <Si S. 

1.31 Definition The bi-quadratic form 

k{u, d) := i^uout. 

is called intersection curvature. 

1.32 Proposition The Riemannian curvature tensor is completely determined by k. 
More precisely: 

a) 4 • -Ruoott) = + It), o) - k{u - It), d) 

b) 6 • R-MVOi = -Ru,t)+tt),t3+W,3 ~ -Ru,0— ttJ,t)-tt),3 ~ -f^0,U+tt),U+ttl,3 + -Rt),u-W,u-W,3 

1.33 Corollary Let X ^ S be a smooth S-scheme with metric g. Then X is fiat, 
i.e. /u(u, d) = for all u, d G Tx/siX), if and only if the Riemannian curvature tensor 
vanishes, i.e. R = 0. 
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1 . Einstein 's equation in the setting of algebraic spaces 



1.34 Definition Let X ^ S he a smooth 5-scheme with metric g and consider a local 
base {di} of Tx/s and a local base {w*} of ^x/g- The curvature tensor is trilinear 
in u, t),tt) and therefore induces linear maps i?,t,(tt)). Taking the trace finally yields the 
symmetric bilinear form ric 

ric(D,tt)) := Tr(i?.o(lt))) 

which is called the Ricci-form of {X S,g). Now consider the uniquely determined 
tensor Ric which is given by 5(Ric(u),ti) = ric(u, o) for all vector-fields u, 0. The scalar 
curvature sc is by definition the trace 

sc := Tr(Ric(»)) 

of the linear map Ric(»). Furthermore, the divergence div(T) of any symmetric (0,g)- 
tensor T := Yl'^h-.-iq^^^ (8) ... a;*' is defined as follows: The covariant derivation VT 
of T is a (0,g + l)-tensor VT := E O . . . ® u;*"? ® coK Then div(r) is the 

{0,q — l)-tensor which is obtained by lifting the new variable and contracting it: 

(div(r)),,...,,_, =5*^^r,,..,,;,-. 

Einstein's equation 

Let X ^ S he a smooth 5-scheme with metric and let V be the Levi-Civita connection 
on X. Furthermore, let T denote the energy-stress tensor. This is a symmetric (0, 2)- 
tensor on X with div(T) = 0. Then the equations of general relativity in our arithmetic 
setting are given by the following system of equations: 

1.35 Einstein equations 

2 ^ 

where k £ Os{S) is a constant. Now, having written down the equations of general rela- 
tivity in the setting of arithmetic algebraic geometry, one can ask for solutions. Choosing 
S = SpecM and assuming that there exists a solution of the corresponding algebraic geo- 
metric Einstein equations, it follows that this solution gives rise to a differential geometric 
solution of the ordinary, differential geometric Einstein equations. This follows from the 
purely algebraic nature of the notions metric, covariant derivation and curvature (see also 
section His] for more details). However, we are interested in "adelic" space-time models. 
So, let us now make the choice S = SpecOi^, where Ok denotes as usual the ring of 
integral numbers of an algebraic number field K. Recall that the generic fibre Xk of 
X ^ S represents the archimedean limit. 

In order to solve the Einstein equations, it is most convenient to perform all computa- 
tions locally and to glue the local solutions in a second step. We will see that these local 
computations may be performed in essentially the same way as in differential geometry. 
On the one hand, this is due to the fact that the local ring Ox,x at a point x G Xk{K) 
may be embedded into a ring of formal power series. 
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1.36 Proposition Let X ^ S be a smooth morphism of locally Noetherian schemes. 
Let s £ S and x £ Xg be a k{s)-rational point. Then there exists an isomorphism of 
Os,s-o.lgebras 

Ox,x = Os,s[[xi, . . .,Xn]] 
where (xi, . . . , x„) is a set of variables and n = <lmiOxs,x- 

PROOF [Liu], Ex. 6.3.1 □ 

Furthermore, we know from Proposition 11.171 that each point x £ X possesses an open 
environment U which is etale over some afhne space = Spec Os[xi , ■ . ■ , Xn] . Therefore, 
the module ^Ij^g of differential forms over U is the free Ojy-module generated by the 
differentials dxi, . . . ,dxn (see Proposition IS.ip . and we may choose the base {w* := dxi} 
of ^Ij/g together with the corresponding dual base {di} of Tcz/^. 

The functions / G Ojj on U are algebraic over the polynomial ring ©^'[xi, . . . 
because we may assume that U is standard etale over A§ (see [BLR], Prop. 2.3/3). 
Consequently, there is a canonical differential calculus on U with respect to the coor- 
dinates xi, . . . ,Xn. More precisely, the vector field di acts on / by means of ordinary 
partial derivation with respect to the i-th coordinate Xj. This may be seen as follows: 
On polynomials we have clearly = 6ij ■ nx^~^ due to the Leibniz rule (see Defi- 
nition [TTTl a)). If / G Ou is arbitrary, there is an algebraic equation X^jLo'^i/"' ~ ^ 
with polynomials cj G Os[xi, . . . ,Xn], Cm / 0. It follows that = di{Yl]LoCjf^) = 
X]jlo(/''^«'^i + '^jjf''~^(^if) which is a linear equation in dif and thus may be solved 
uniquely for dif on the locus where YlJLo Cjjf-'~^ ^ 0. However, by what we already 
know, diCj is the ordinary partial derivation of Cj with respect to the i-th coordinate Xj, 
and so we are done. 

Therefore, we obtain the following local formulas on U (where we make use of Einstein's 
summation convention): 

• g = gijuj' (g> Lo^ with gij = gji G Ou 

• Va-9j = ^ijdk where the functions F^^- G Ojj are called the Christoff el-symbols. 

• F^^. = \g^\digjk + djgik - dkgij) 

• Rijk — ^i^L ~ ^I'^ij + ^ki^'^jr ~ ^kr^ij 

• Rik := ricifc = i?^,^ 

• R:=sc = g'^Rik 
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1 . Einstein 's equation in the setting of algebraic spaces 



Now, the Einstein equations take their well known form 

Rfiu - T^dfiiyR = KTf,u or equivalently R^^ = k [T^y - \g^ivT \ , T := g^'^Tf.u, 



and it follows that Theorem 11.371 holds. 

1.37 Theorem Let g be a metric on a smooth S-scheme X ^ S . The Einstein equations 
on X are universal in the following sense: For x £ X, let {di} be a base ofO,\^^g^, and 
let gij £ Ox,x be the components of the metric tensor at x. Assume that there exists a 
tensor G ^ g of rank two such that for all x £ X the following statements hold at x: 

a) G is a polynomial over K in the variables gij, d^gij and dk{digij) which is linear 
in dk{digij). 

b) G is a symmetrical tensor. 

c) div{G) = 0. 

Then, G coincides with the Einstein tensor ric — ^ sc ■ g. 

1.38 Remark Finally, let us again point to the crucial fact that the local functions 
/ E Ou are algebraic functions. Therefore, the class of functions, which is available 
in order to solve the equations of arithmetic general relativity, is much smaller than in 
the differential geometric setting. In general, it is a non-trivial task to solve differential 
equations in the algebraic setting, and it is not clear whether there exist solutions at all. 

But, as we will see in the next chapter, the equations of general relativity have the 
amazing property that also many classical, differential geometric solutions descent to the 
algebraic category. Thus, the set of models of type (GR) {X — > S, g) is not the empty 
set. 



2. Solutions of the arithmetic Einstein 
equations 



In chapter [H we deduced the algebraic geometric analogue of the differential geometric 
Einstein equations. However, it is not clear at all if there actually exist pairs [X S,g) 
consisting of an algebraic space X ^ S and a metric g on X which solves the Einstein 
equations. However, we will see in this chapter that the Einstein equations already 
possess many physically interesting solutions in the algebraic category. This is a highly 
non-trivial property of the Einstein equations, because, in general, differential equations 
only possess solutions which are very transcendental and far from the algebraic category. 
A very interesting solution, which may be interpreted as the "adelic" Minkowski space, 
is deduced and studied in section 12.2.21 

As already announced earlier, we will consider two special choices for the base S: 

• is a Zariski zero-dimensional Dedekind scheme. 

• is a Zariski one-dimensional Dedekind scheme. 

2.1. The case of Zariski zero-dimensional base 

Within this section, let S = Specif be the spectrum of a field K. We are looking 
for models of type (GR) {X — > S,g) (see Definition 10. 4|) . However, the condition (ii) of 
Definition 10.41 is empty in this case. Therefore, from the adelic point of view, S = Specif 
is not the physically interesting case, but rather a toy model. The interesting "adelic" 
models, where all conditions of Definition 10.41 are non-trivial will be considered in section 
12.21 At least there are many models of type (GR) for the choice S = Specif, because 
things are particularly easy in this case. The most easiest example is the Minkowski 
solution 

(A^,go), 90 := diag (±1, ±1, ±1, ±1) 

However, there are further, less trivial examples which correspond to certain solutions of 
the classical differential geometric Einstein equations. 

2.1.1. Kasner solution 

Again we choose Xk '■= with coordinates {t = ), but this time we 

choose the following non-trivial metric gx 

• 500 = 1, 50i = 0, i / 
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2. Solutions of the arithmetic Einstein equations 



• gij := c5ij -t^fei, i=^o^ j 

where 6ij denotes the Kronecker delta, and where c £ K and ki £ Q are constants. Then 
qk is well defined in the category of algebraic spaces, and it remains to show that we 
can choose the constants in such a way that the Einstein equations are fulfilled. We may 
do this on stalks. Recalling the remarks below Proposition 11.361 and the formulas stated 
there, we may compute the Christoffel symbols corresponding to the given metric. Due 
to the fact that we use orthogonal coordinates we obtain: 



rgo = 0, = 0, 4 = ^g'%gu = 0,ri = -\g"d,gu = 0, = -\g^^dig,, = 0. 
The only non- vanishing Christoffel symbols are 

(*) 4 = -lg009o5n = -cM'''-^ 

(**) n^ = ¥'d^m = k 

We consider a vacuum solution of the Einstein equations, i.e. T^y = 0. Therefore, the 
Ricci tensor Rf^^ = -R^;^^ has to vanish, too. The components of the Ricci tensor are as 
follows: 

2.1 Lemma The Ricci tensor is diagonal in the given coordinates, i.e. Rfj,^ = 5fj,uR^u- 
For the diagonal elements one obtains: 



Ri 



00 



2.2 Corollary Let Xk '■= and gx be as stated above. Furthermore, choose the 
constants ki £ Q such that 

'^kj = 1 = y^fcj. 

jVo jyo 
Then {Xx^gK) is a model of type (GR). 
It remains to prove Lemma [2.11 

PROOF First of all, iioo = ^^r^o " ^oF^o + ^^P^^^m " Ko^U = -^o^'^^o " Ko^'^^o^ because 

^00 — 0- Furthermore, T'^qT'^q = ^uO^oo + Y^j^o^io^jO — Y^j^o^io^jo^'^j ~ Yj=ioO^'jo)'^ 
where we used Fqq = and formula (**) in order to obtain the second equality. Thus 



i?oo = -VMo + (r^J' 



y^^'^jo ^ V- jo^ 

and the desired formula follows from (*). Let now i / 0. Then Rio = R^^q = c^^F^g — 
^^^ipL + ^'i^f^^iQ ~ ^Ov^iii- Recalling that only over Greek letters is summed, we obtain 
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d^T^Q = diVlQ = 0, because the Christoffel symbols are constant with respect to x*, i 7^ 0. 
Furthermore, it follows from (**) that T^fiT'^Q = Tq^F-'q and that Fq^^FJ'^ = X^jyo^Oj^ij- 
However, as well T^j as F^q are zero and we obtain 

RiO = 0. 

Similarly, Rik = if i,k ^ 0, i ^ k. This may be seen as follows: Rik = Ri^^ = 
d^r^k - 9kK^ + ^^^^'^ik - Ku^i,.- Thereby, ^Ff^ = because the Christoffel symbols 
are constant with respect to x^, /c / 0. In addition, F^^ = for all //. Thus, it remains 
to show that F^^FJ'^ = F^^Fjj, + F^qF^- is zero. But this is clear, because F^, = due to 
i,k ^ 0, i ^ k. Finally, let us prove that Ru = = 5^Ff- - ^jFf^ + F^^^FJ'j - Ffj^FJ'^ is 
as claimed. For the first summand we obtain d^T'^- = 5oF° = —cki{2ki — The 
second summand vanishes, because the Christoffel symbols are constant with respect to 
x\ i / 0. The third summand reads as F^^^Ff. = ^-^^ ri.r% = J2j^o kjt-^{-ckit^^--^). 
Finally, Ff^FJ'^ = F^^F^g + F^qF^^ = -2cfcf Everything summed up gives the 
desired result. □ 



2.1.2. Schwarzschild solution 

The example of the Schwarzschild metric will show very clearly the general phenomenon 
that the Zariski topology is too coarse for physical applications and that it is necessary to 
work within the context of the etale toplogy. However, let us again start from the afhne 
space with coordinates {t = ), but this time we consider the ii'-scheme 

Xk '■= Spec K[t, , . . . , a;"""'^, r, r~^]/(r^ — ^■_^q(x*)^), whereby r := ^J^i^oix'^Y should 
be interpreted as a spacial radius. By construction, Xk is etale over A^. In particular, 
the respective differential calculi "coincide". We choose the following metric gx on Xk'- 

• 500 = YT^' 90i = 0, i / 

r 

. 5., :=-(! + ^fdij + 3^ (1 + 2^) 2Ei 

where 6ij denotes the Kronecker delta, and m G K is a constant. By means of a longer 
but standard calculation similar to the one in the Kasner case (see section [2.1.11) . one 
can prove that the metric above solves the vacuum Einstein equations. Thus {XkiQk) is 
indeed a model of type (GR). But instead of deriving this result directly, we will illustrate 
that it corresponds to the Schwarzschild metric. This will yield the following physical 
interpretation: {XkiQk) describes the exterior of a black hole. More precisely, r scales 
the distance from the event horizon of the black hole, and the constant m turns out to 
be the Schwarzschild diameter of the black hole. 

In differential geometry, one usually writes down the Schwarzschild metric in spherical 
coordinates. These coordinates do not make sense in algebraic geometry. But, at least 
in the category of Riemannian manifolds we can prove that the metric above takes the 
classical form in spherical coordinates. Writing 

= t,x^ = r sm{6) 003(99), = r sin(6') sm{(p),x^ = r cos(0)^ 
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2. Solutions of the arithmetic Einstein equations 



in the four dimensional case, one obtains: 

?2 _ ^^2 



• dR = dr = Ylij^o ^^-p-dx'^dx^ , where ii := r + c for some constant K. 

• Y.^^Q{dx'f = dr^ + r^{de^ + sm^{e)d(p'^). 
It follows that 



"75 — 7^ ^ + ^ ( Sij — 1 ) dx'dx^ 



^dR^ + RHde^ + suAe)d^^) = + ^ C 

= (t^'^'.- + ^ [j^^ -^))d^dx^ 



E// c\2 x^x-'' 2r(c - m) + c(c - 2m)\ j ■ 

Therefore, our original metric transforms into the standard form of the Schwarzschild 
metric 

ds^ =fl-^\ dt^ - -^dR^ - R\dd^ + sin2(0) V) 
V R J 1 jj- 

living on the manifold M = M x(2m, oo) x ^2 with coordinates (t, R, 9, if). 



2.1.3. Electromagnetism in vacuum 

In this subsection we will consider the electromagnetic field. This is a gauge field, and so 
we may apply the techniques developed in Part II of this thesis. Therefore, let us consider 
a smooth S-scheme X (which represents space-time) and a smooth 5-group scheme G (see 
Definition 111 .461) representing the gauge group. The fundamental structure underlying 
gauge theory is an X-torsor P under Gx (see Definition 18. 7p , where Gx denotes the X- 
group scheme G Xs X. Then the field strength of the gauge field is given by a differential 
two-form on X which solves the Yang-Mills equations 19.81 The differential form 
takes values in the Lie-algebra g := (e*r2^y^)(5) of G, where e : S — > G denotes the unit 
section of G (see section [11. 4. 1|) . 

If S = SpecK is the spectrum of a field K, we will illustrate in section [331 that the 
gauge group of electromagnetism is the algebraic torus Gm,K '■= Speciir[C, C~^] for some 
variable (. In absence of gravity we may choose X = as space-time part, where 
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n € N denotes the dimension. Therefore, electromagnetism in vacuum may be described 
by means of the trivial A^-torsor P = XAp^(A^ XKGrm,K) under A^ XKGrm,K, i-e. 

A^ XKGm,K. 

In this setting, we will first compute the Lie-algebra g of G in order to solve the Yang- 
Mills equations in the electrostatic case in a second step. One obtains the following two 
results. 

2.3 Lemma Let S = Speci? be the spectrum of a ring R, and let q be the Lie algebra of 
the multiplicative group Gm,s = Speci?[C, C^^] over R. Then (with respect to the chosen 
coordinates of Gm,s ) there is a canonical isomorphism q = R of R-modules. 

PROOF As an 5-scheme, Gm,s coincides with Spec C~^]- The ring R[C,X~^] is the 
localization R[C,]q of the polynomial ring R[C,] with respect to the variable Q. Therefore, 
the canonical morphism i : Speci2[C,C~^] ^ Speci2[C] = A^ is an open immersion. As 
open immersions are etale, it follows from Proposition 13. II that Vi^ = is an 

isomorphism. By definition, the Lie-algebra g is the i2-module {s*^\^ ^^g){S), where 
e : 5 — > Gm,s denotes the unit section corresponding to the morphism of i?-algebras 
£* : R[C,C^^] ^ P, C ^ 1 £ mapping ( into the group of units R* of R. In order 
to compute g, first notice that e*$^^ = {i o y^, whereby i o e 

corresponds to the i?-algebra homomorphism R[(] R, ( 1 £ R* . Recalling that 
Q^i ^g{S) is the free i?[C]-module R[C] • dC generated by the differential d(, we obtain the 
following iZ-module isomorphisms: 

= ((i o {S) - J^ii R - R[c] <^idMcu^oer R = R- ° 

2.4 Corollary Let S be an affine scheme, let X be an smooth, ajfine S-scheme, and let 
G = Gm- Let P = X X s G be the trivial X-torsor under Gx = G x s X . Then the field 
strength T may be viewed as differential two form on X, i.e. T £ O^y^(X). 

PROOF (of Corollary [23}: By Definition 19.41 the field strength T = s*0 is locally defined 
as pull back of a Lie-algebra valued global differential form G J7p^^(P) ®Os{S) under 
the canonical section s. As g = Os{S) due to Lemma 12.31 and we may view O as 
differential form Q £ Op^^(P) on P. 

In general, the canonical section s is only defined locally in etale topology, but in our 
special situation, s coincides with the morphism obtained from the unit section e : S — > G 
by base change with tt : X ^ S. Therefore, s makes the following diagram commutative. 



X 
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2. Solutions of the arithmetic Einstein equations 



By Proposition [LTl we have got {s*n],^g){X) ^ {{pio s)*n]^^g){X)e {{p2 s)*nl,^g){X) 
^ {id*n]^^g){X)e{ieoTT)*nl^^g){X) ^ nl^^^{X)e{Q^as{S)<^xiX)), and therefore the 
pull-back of differential forms under s is the canonical projection 

Now, we are prepared to compute the electromagnetic field in vacuum, i.e. we will 
solve the corresponding Yang-Mills equations. Let K be a field. As already stated 
above, we choose S = Spec-fC, G = Gm,K — SpeciC[C, C~^]) ^ = with metric 
g = diag(— 1, 1, 1, 1) and P = X Xs G. Due to the fact that the group scheme G is 
commutative, the Lie-bracket on g vanishes (see section Til. 4. 3(1 . But then we know 
from Definition 110.31 that the covariant derivation Dx on X coincides with the exterior 
differential d introduced in Theorem 111.391 Furthermore, = ®'i^QOx{X)dx'^ is 

a free OxiX) module, where {x^ = t, , x'^ , x"^) denote the coordinates of X. Thus we 
may write = ^^ydx^ A dx^ with polynomials !Ffj_y S Ox{X) = K[t 
The components of the anti-symmetric tensor !F are usually written as matrix: 



/ El E2 E3\ 

-El Bi B2 

—E2 —Bi i?3 

V -^3 -B2 -B3 / 

The vector E := {Ei, E2, E3) is called the electric field strength, B := {Bi, B2, B3) 
denotes the magnetic field strength. We are interested in an electrostatic solution, i.e. 
= 0. In this special case the Yang-Mills equations 

*d * = 
dJ=' = 



take the form 



Ej - —Ei = for all i, j / 0. 



This may be seen as follows: Due to the fact that OxiX) is a polynomial ring, the local 
version of the Yang-Mills equations 110.91 is not only true at physical points, but even 
globally. Recalling that g = diag(— 1, 1, 1, 1) and that c^j = (due to the commutativity 
of the gauge group), the Yang-Mills equations take the form Yl^pa=i '^id^'^ 9^" -^i^-p) ~ 
0. But because of -B = 0, JT^i, 7^ if and only if exactly one index is zero. Thus, 



the only non trivial equation is: = Y^u,p,a=i -d^id^^d^^^pp) = " I]"=i afs^-^t 



Oo- 



'^i^Q -^Ei. In order to derive the second equation, recall that we may write J- 
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^.^0 E,dt A dx\ Thus, dT = Ei,j^o Wrd^^ ^dtA dx' = J^ij^o A dx' A dx^ , and 

if di denotes the dual of dx* it follows from Definition 111.341 b) that 

BP 1 / N 

dJ^ido,dk,di) =Y,Qj- -dt{do)[{dx' A dx^m,di) - {dx' A dx^)idi,dk)) 

= Y,^-{dx'Adx^){d,,di) 

It is well known that Ei := := Yli^oi^^)"^ ^ solution of these equations. Obvi- 

ously, Ei is neither a global section of X nor of X — {0} = —{0}. Instead we may 
consider the smooth K-scheme, U := Speci^[t, x^,x'^, x^,r, r~^]/ (r^ — X^j^o(^*)^) which 
is etale over Aj^ and contains r as global function. The etale-open "sub-scheme" U of 
describes a space-time which contains a charged point particle located at r = (more 
precisely, U is the environment of this charged particle). The electrostatic field of this 
point charge is described by global sections Ei G Ou{U). 

2.1.4. Robertson-Walker models 

Last but not least, let us briefly mention the Robertson- Walker models. In differential 
geometry, these are defined in spherical coordinates by 

g^, = diag (l, -S{tfT\ -Sitfrhin^e)^ 

T,, = diag [p{t), -^'W^W'^'' -pit)Sitfrhin\e)^ 

where S{t) is a so called scale factor, and where p resp. p denote the density resp. 
pressure of energy. In the special case p = 0, the divergence divT of the energy-stress 
tensor vanishes if and only if the product C := p{t) ■ S{t)^ is constant with respect to t. 
Then the Einstein equations -R^i^ — \g^j,uR = kT^^ yield the differential equation 

\ dt ) + 35(t)- 

Whenever the solution S{t) of this differential equation is an algebraic function, the cor- 
responding Robertson- Walker metric would make sense in algebraic geometry. However, 
in general, S{t) will not be algebraic. So, the classical Robertson- Walker models have 
no algebraic geometric analogues. But at least in the case = 0, we find the algebraic 
solution 



S{t) = ti {/4/3 • kC. 



42 



2. Solutions of the arithmetic Einstein equations 



Therefore, we obtain a model of type (GR) if we choose Xk '■= with coordinates 
{t = x^,x^, . . . , x"'~^) as well as the following metric and energy-stress tensor: 



2.2. The case of Zariski one-dimensional base 

Within this section, let S = SpecO be the spectrum of a Dedekind ring which is not a 
field. From the "adelic" point of view, this is the physically interesting case, because the 
condition (ii) of Definition 10.41 is no longer empty. Consequently, it is much harder to 
construct models of type (GR). 

In section 12.2.11 we will first consider the low dimensional case, because then the 
Einstein equations are trivial. But as soon as the tangent spaces exceed three dimensions, 
this is no longer true. Then, the conditions (i) and (ii) of Definition 10.41 are both non- 
trivial. This the physically interesting situation where we are looking for models of type 
(GR) {X — > S,g). An example, which may be interpreted as the "adelic" Minkowski 
space, will be studied in section 12.2.21 



2.2.1. The low dimensional case 

Let X — > 5 be a smooth S-scheme of relative dimension one or two with metric g. We 
will show that the Einstein equations are trivial in this case. As it suffices to show this 
locally, we may choose an open sub-scheme U of X such that ^Ij/g is free with base 
{w*}. In the one dimensional case, our assertion is clear, because the curvature tensor 
has got only a single component, and this component vanishes due to the symmetries of 
the curvature tensor (see Proposition ll.30p . Thus, also the Einstein tensor ric — ^ 5 • sc 
vanishes . In the two dimensional small computation is necessary. Again making 

use of the identities of the curvature tensor several times, we obtain with respect to the 
given base: 

i? := sc = g'^^ric^i, 




= g^^-Rl^, + g^^R%, = g'^^Rj,,, + g^^R%^ = g^^g^'R^.u + g'''g'''Ru,2i 
= g^^g^^ R1212 + g^^g^^ R2112 + g^^g^^ R2121 + g^^g^^ R1221 

= 2detg • -R2121- 
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Therefore, one derives that 

:= Ric^; = g^^icx^ 

= g^^g^^R2ii. + g^^g^^Ruiu + g^^g^^R2i2. + g^^g^^Ri22u 

= R2ii.{g''g'' - g^'g'') + R2i2u{g'''g'' - g'^'g'') 

= 62M''g'' - g''g'')R2ii2 + 6,M-g''g'' + g''g'')R2i2i 

= R2i2idetg ■ {62^6^2 + ^tii^ui) = -^Sfj-uR- 

Consequently, — \5^yR = or equivalently R^y — \g^vR = 0. In particular, there are 
many models of type (GR) in the low dimensional case. 

2.5 Corollary Let X S be a smooth S-scheme of relative dimension one or two such 
that X is the Neron model of its generic fibre. Then X gives rise to a model of type 
(GR). 

2.2.2. A higher dimensional solution 

Again, let X — > S be smooth over the Zariski one-dimensional base scheme S. If the 
relative dimension exceeds two, the Einstein equations are no longer trivial. Therefore, it 
is not easy to find models of type (GR) in the "adelic" situation. However, in this section 
we will state at least one example, namely the fibred product X := Ei Xs ■ ■ ■ Xs En 
of smooth elliptic curves Ei over S. In a certain way, this is the "adelic" analogue of 
Minkowski space-time. Before we will finally prove in Theorem 12.91 that X is indeed a 
model of type (GR), we need some preparations. However, the idea of the proof is as 
follows: Locally, every smooth curve C over S may be embedded in some affine space 
Pulling back the fiat metric diag(±l, . . . , ±1) on A§ to C and pushing forward this 
metric by means of an etale morphism C (which exists locally due to smoothness), 

we obtain the first fundamental form on C in local coordinates. Analogously, we obtain 
the first fundamental form on a product of curves in local coordinates. This metric is 
diagonal, because ^(XixsX2)/s ~ ®iPi^x /s^ where pi denotes the projection onto the 
i-th factor (see Lemma [2?6ll . It follows that the corresponding curvature tensor vanishes 
(see Corollary 12. 8|) . Consequently, a product of elliptic curves is a vacuum solution of the 
Einstein equations and it is even a model of type (GR), because it is the Neron model 
of its generic fibre. However, let us now make the indicated steps of the proof explicit. 

2.6 Lemma Let Ci, . . . ,Cn be n smooth curves over S. Provide X := Ci x s ■ ■ ■ x s Cn 
with the first fundamental form g as metric (see Proposition \4-21\ ). Then g is diagonal. 



PROOF It suffices to prove this statement locally on X. Therefore, we may assume that 
there are 5-immersions ji : Ci ^ Yi := A™ for some m G N (see Definition ll.lOp . 
These 5-immersions induce an 5-immersion j : X ^ Y := Ag*". Furthermore, we know 



44 



2. Solutions of the arithmetic Einstein equations 



from Proposition 11.171 that there is an open sub-scheme C'^ of together with an etale 
morphism gi : C[ — > A^. Thus we obtain the following chain of maps: 



3i 



C' 



gi 



Eventually shrinking Cj, we may assume Cj = C'^ and i = id. Recalling that the pull back 
of differential forms under etale morphisms is an isomorphism (see Proposition [SH]), these 
maps induce the following canonical homomorphism on the level of differential forms. 



Ji "A' 



This morphism maps the generators dTij, j = 1, . . . ,m, of the free module jT^a^/s 
elements HijdTi G (7*^2^1^^, where dTi denotes the generator of the free module g*Q^i 

Moreover, if : X — > Cj denotes the canonical projection, there is an isomorphism 
Q^^g = 0jp*Oj-,yg due to Proposition 11.71 Analogously, if TTi : Y Yi denotes the 
canonical projection making the diagram 



Y. ^ Ci 



Y 



Pi 



X 



commutative, there is an isomorphism Q\ 



Now, the pull-back 



j*^\nm^g ^x/s dccomposcs into a direct sum of componentwise pull-backs, i.e. the 
following diagram is commutative: 



0jPi OT^A™/s) 



The upper line of this diagram yields a morphism 



J "Ag'^/S 



^ Pi Ui /s ) ^ Pi Hi ^1?? /S ) 



(**) 



where pr^ denotes the projection onto the i-th component. Pulling back the morphism (*) 
with Pi and composing it with the above morphism (**), we finally obtain the morphism 



dTkj 



{ji°PiT^A^/S {9i°PiT^^i^/s 
^ikdTkj ' ^ ^ikl^kjdTi, 



where Kij G Ox is algebraic over ©^[rj] and 6ik denotes the Kronecker delta. Now, we 
have all that we need to compute the first fundamental form. On Y = Ag™ we choose 
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the trivial metric go = ^^^^^^udT^y (g) dT^^^ e^^ G Then, by definition, the first 

fundamental form g reads as follows: 

5= X] £fiu4>i{dT^,u) (pjidT^u) = ^ e^uSi^K^^dj^K^^dTi® dTj 

Therefore, g = J2ij 9ijdTi dTj with gij = 6ij ■ ^iv>^'iu- In particular, g is diagonal. □ 

2.7 Example In order to illustrate the derivation of the first fundamental form, let 
us consider the example of a smooth elliptic curve E over a field K which is not of 
characteristic two. Let us now restrict E to the affine open subset Speci^[X, 1", y^^] C 
and let us furthermore assume that E is described by an equation P{Y,X) := 
y2 _ ^3 _ g^-^ _ = 0. Then we have canonical morphisms of i^T-algebras 

K[X,Y,Y-^ Oe:=K[X,Y,Y-^]/{P) ^ K[X] 

j* 9* 

X ^ X ^ X 

Y ^ Y 

where g* is etale. Therefore, we obtain on the level of differential forms 

dX ^ dX ^ dX 

dY ^ dY ^ ^^^dX 

where we made use of the identity (3X^ + g2)dX = dY'^ = 2YdY in ^q^/j^- This is 
the map (*) in the proof of Lemma EJ) The dual of this map is the C'£;-linear map 
dx ^ dx + ^\y^' ^ ' where dx (resp. dy) denotes the dual of dX (resp. dY). In 
particular, the tangent vectors of E in the affine open subset Spec K[X,Y,Y~^] C Fj^ 
may be written as vectors 

Providing Spec K[X,Y,Y^^] with the trivial metric go = diag(l,l) and interpreting go 
as bilinear form, we derive the first fundamental form g on E: 

^^^{3X'+g,f 




4y2 

This is manifestly the same result as in differential geometry. The procedure in the 
case of a product of n elliptic curves is straight forward. For example, if n = 2, 
we have to compose the above homomorphism of -fC-algebras with the projection map 
K[X, Y, y-i, Z, W] K[X, Y, y-i], Z,W ^0, where Z and W are the variables of the 
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second elliptic curve. In this case we obtain the two tangent vectors 



/ 1 

2Y 



V / 



and 





1 



2W 



^9-2 



In particular, the metric is diagonal. 



2.8 Corollary Let X be as in Lemma [KR Then X is flat, i.e. the curvature tensor 
vanishes. 



PROOF As the curvature tensor is a global section of a sheaf, it suffices to prove the 
statement locally. Therefore, we may assume that the components gij of the metric tensor 
g are algebraic over some polynomial ring, say with variables xi, . . . ,Xn. In particular 
we may use the Christoffel symbols (as well as the formulas stated at the end of section 
II. 2|) in order to compute the curvature tensor. Due to Lemma [2^ the metric is diagonal. 
Consequently, the Christoffel symbols read as follows: 

4 = ^9'%gii. 

Vl = -\g^^dmi. k^i. 
n, = \9"dig,,, j^i. 

More precisely, we saw in the proof of Lemma [2.61 that gij = 6ij • J^u^i'^'^iu^ where 
nfj^ is an algebraic function which only depends on the variable Xj, and where Ei^ G 
{±1} is a constant. Thus, dkga is zero if k ^ i. It follows that F-- is the only non- 
vanishing Christoffel symbol. In terms of the Christoffel symbols, the components of 
the curvature tensor may be written as i?-^;, = djT[^ - dkT[j + T^^T'-j^ - T[^Tlj. In 
our setting, djT^j.^ = 5ik6iidjT\- =8ij5ikSiidiT\-, where the last equality is due to the 
fact that ga only depends on the variable Xj and that T\- = i^diga. Analogously, 

'^k^\j — ^ij^ik^iidi^ii: i-G- djV'-f^- — dkT[j = 0. Therefore, it remains to prove that also 
^ki^^r ~ ^kr^ij ~ 0' where over the index r is summed due to Einstein's convention. 
Writing this sum explicitly, we have ^r^ki^jr =^r ^rkSirSrjSiriT'^r)'^ = dikSijduiTl^)'^ . 
Similarly Zr ^L'^ij = Er ^rkSriSirSrjTlT'^. = SikdijSii{Ti)\ This yields R\.f^ = 0. □ 

Let us finally prove the desired result. 

2.9 Theorem Let X := Eq x s ■ ■ ■ x s En be the fibred product of smooth elliptic curves 
Ei over S. Let g be the first fundamental form on X (see Proposition \^.21^ . Then 
{X S,g) is a model of type (GR). 

PROOF By Corollary 12.81 X is flat, i.e. the curvature tensor vanishes. In particular, 
the Ricci tensor and the scalar curvature vanish. Therefore, {X,g) is a solution of the 



2.2. The case of Zariski one-dimensional base 



47 



vacuum Einstein equations. Due to the fact that Neron models fulfill the property (ii) of 
models of type (GR) (see Definition 10. 4p . it suffices to show that X is the Neron model 
of its generic fibre. Now notice that the fibred product of Neron models over S is again 
the Neron model of its generic fibre, because the universal property of fibred products 
implies the universal property of Neron models (Definition 16.1(1 . Consequently, we are 
reduced to the proof that an elliptic curve over S is the Neron model of its generic fibre. 
Thus we are done by Proposition 13.131 □ 

2.10 Remark Let X := Eq x s ■ ■ ■ x s En be the fibred product of n smooth elliptic 
curves Ei over S provided with first fundamental form g. In truth, {X S, g) is even 
a model of type (SR) (see Definition 10. 7p . In particular, all results, which are proven in 
chapter [31 are true for X. 

Let us now choose S = Spec C9i^, where Ok is the ring of integral numbers of an alge- 
braic number field K C M. Let us compare X with the Minkowski space-time Ag. Both 
describe a space-time without gravity, because the curvature tensor vanishes identically. 
Furthermore, both carry a canonical, commutative group structure. In quantum field 
theory over Minkowski space-time, the inverse of the group law is interpreted as a simul- 
taneous space and time reflection. Consequently, there is also a canonical notion of space 
and time reflection on X, too. The difference between X and Minkowski space-time is of 
topological nature. While Minkowski space-time (which is induced by some afhne space 
Ag) carries a trivial topology, X does not. In order to illustrate this, let us consider 
the time coordinates in the respective models. More precisely, let us consider the time 
coordinate as a complex variable (whose imaginary part represents the physical time and 
whose real part phenomenologically describes temperature). Then, in the Minkowski 
case, the time variable runs in the complex plane and therefore on a sphere if we adjoin 
the point at infinity. In contrast to this, the complex points of the time coordinate Eq 
of X yield a torus. 

This difference in the global topology, which may not be seen locally, has some in- 
teresting consequences with regard to quantum field theory: The set of archimedean 
points A^{K) = of Minkowski space-time is still a dense subset of the continuum 
A^(M) = M". In particular, hJ^{K) is not a discrete subset of the continuum (it is not 
even a finitely generated abelian group). On the other hand, there is no discrete subgroup 
of A^{K) which is invariant under arbitrary K-isomorphisms of A^. In particular, a 
discrete subgroup of K^{K) cannot be Lorentz-invariant. 

But, if we consider instead the model X something interesting happens: Due to a 
theorem of Mordell, the set Xk{K) of archimedean points of X is a finitely generated 
abelian group. Furthermore, Xk{K) is invariant under arbitrary i^T-isomorphisms of 
Xk- Consequently, it makes sense to say that Xk{K) is "Lorentz-invariant". In the case 
of rank zero, space-time is actually a discrete set. All in all, Xk{K) may indeed be 
interpreted as a vacuum, and the methods of lattice gauge theory yield a well defined 
quantum field theory on Xk{K). This will be exposed in more detail in chapter [521 

It would be interesting to consider a dynamical solution X = Et xs Ei{t) ... 
En{t) of the Einstein equations, where Et is a fixed elliptic curve and where Ei{t) are 
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elliptic curves described by equations Y^Z = X'^ + g2,i{t)X Z'^ + gs,i{t)Z'^ with coefficients 
9j,i{t) depending on Et. For physical reasons, one should expect that the rank of each 
elliptic curve Ei{t) stays zero for all times t if it was zero for t = 0. Therefore, one 
might conjecture some connections between the rank of elliptic curves and the Einstein 
equations. 



3. Some properties of the arithmetic 
models 



Unless otherwise specified, let {X S,g) be a model of type (SR) (see Definition 10. 7p . 
and assume that S is representable by a Dedekind scheme with field of fractions K. 

3.1. Etale-invariance 

In its differential geometric formulation, general relativity is as well general covariant 
as diffeomorphism invariant. General covariance means that fundamental physical laws 
may not depend on the special choice of a local coordinate system and is due to the fact 
that the Einstein equations are tensor equations. However, diffeomorphism invariance 
means the following. If g' is a solution of the vacuum Einstein equations and if (p is 
any diffeomorphisms of the space-time manifold, then if*g is a vacuum solution, too. 
Essentially this comes down to saying that (93*r2)[5] = r2[(^*5f] for all diffeomorphisms ip. 
Thereby, ^l[g] denotes the functional {sc ■uj)[g] = sc[g]uj[g], where sc[g] resp. uj[g] denote 
the scalar curvature resp. the volume form corresponding to g. 

In our arithmetic approach, the Riemannian space-time manifold is replaced by an ap- 
propriate algebraic space. Therefore, it is natural to study in how far general covariance 
and diffeomorphism invariance are realized for models of type (GR) . For this purpose, we 
first have to find the analogue of the differential geometric diffeomorphism in the realm 
of schemes. In section 17.11 we will expose in a very detailed way that the class of such 
coordinate transformations is given by etale morphisms (see Definition lLllj) . This natu- 
rally implies that the Zariski-topology has to be replaced by the so called etale-topology. 
This naturally leads to algebraic spaces. Central is the following characterization of etale 
morphisms which illustrates the formal analogy between etale morphisms and differential 
geometric diffeomorphisms. 

3.1 Proposition Let f : X ^ Y be an S-morphisms. Let x G X and set y := f{x). 
Assume that X is smooth over S at x and that Y is smooth over S at y. Then the 
following conditions are equivalent: 

a) f is etale at x. 

h) The canonical homomorphism {f*Q,Y/s)^ ~^ (^x/s^^ bijective. 
PROOF [BLR], Cor. 2.2/10 □ 

For physical reasons, the number of points of space-time should be invariant under co- 
ordinate transformations or "deformations" of space-time. Therefore, it is natural to 



49 



50 



3. Some properties of the arithmetic models 



restrict attention to the class of finite, etale surjective morphisms f : X ^ Y which 
have the property that there are bijections Yk{K') = Xk{K') and Y[S') = X{S') for 
all etale 5-schemes 5" with field of fractions K' . Thereby, Xk and Yk denote as usually 
the respective generic fibres. However, let us point to the fact that it can happen that / 
changes the topology. 

Now, let us return to the setting of models of type (GR). The following Proposition 
13.21 shows that this "adelic", arithmetic model for gravity is covariant and etale-invariant. 

3.2 Proposition Let [X S,g) be a pair consisting of a smooth S-scheme X ^ S and 
a metric g on X, such that g is a solution of the Einstein equations ] 1. 3 E\ Let (f : X ^ X 
be an arbitrary etale S-morphism, let S' ^ S be an arbitrary etale S-scheme, and let 
{X' — > S' , g') be the pair obtained from {X S,g) by base change with S' S. Then 
the following statements hold: 

1) If g is a vacuum solution of the Einstein equations, so is (p*g. 

2) If {X — > S,g) is a model of type (GR), so is [X' S' , g'). 

PROOF It suffices to prove 1) on stalks. Therefore, we may assume that ip : X ^ 
X is given by functions which are algebraic over some polynomial ring such that the 
corresponding Jacobi matrix is invertible. Thus, we obtain an explicit expression for 
the components of f*g. Furthermore, we may make use of the explicit formulas stated 
directly above Remark 11.381 and write the Einstein tensor in the well-known form by 
means of the Christoffel symbols. Then, a very lengthy computation, which is the same 
as in differential geometry, finally shows that the Einstein tensor of ip*g indeed vanishes. 

Let us now consider assertion 2). Again we may prove locally that g' satisfies the 
Einstein equations. Due to Proposition 11.61 there is a canonical isomorphism = 
^X'/S" where p : X' ^ X is the canonical projection. Therefore, the components of 
g' := p*g are obtained from the components of g by tensoring over Os{S) with Os{S) — > 
d'^u — 9fiv ® 1- Consequently, the Einstein tensor of g'^^ vanishes, 
because G^^, = Gf^i, 1. 

In order to prove that {X' — > S' , g') is a model of type (GR), it suffices to show that 
X' — > 5' is a Neron model of its generic fibre, because this implies that it is already a 
model of type (GR) (apply the universal property of Neron models). But due to [BLR], 
Prop. 1.2/2 Neron models are stable under etale base change. □ 

Proposition 13.21 states that models of type (GR) are etale-invariant: As well any etale 
5-morphism X — > X (i.e. any deformation of the universe which leaves the shape of the 
underlying points invariant) as any base change by etale morphisms S' — > S" (i.e. any 
simultaneous deformation of the points) and consequently any combination of these two 
operations transforms models of type (GR) into models of type (GR). Therefore, the 
described physics is invariant as it should be. 

Last but not least, let us consider the set X{S) of "adelic" points and the set Xk{K) 
of archimedean points of a model of type (GR) {X — > S,g). It makes sense to choose 
S maximal in the following way: \i ip : S' ^ S \s a, finite, etale surjective morphism. 
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then S' = S and 93 = id. For example, S = SpecZ is maximal in this sense (see 
[Neu], Kap. Ill, Thm. 2.18). However, we know from the Yoneda lemma that X{S) 
is invariant under arbitrary 5-isomorphisms X ^ X. If S is furthermore maximal in 
the above sense, X{S) is also invariant under etale base change by finite, etale surjective 
morphisms0 Therefore, Proposition 13 .21 tells us that the pair {X{S),g) which is obtained 
from {X — > S,g) by evaluation at S- valued points is etale-invariant, too. The same is 
true for the pair {Xk{K), gx) which is obtained from {X S,g) by first taking the 
generic fibre and then evaluating at K-valued points. Thereby, the etale-invariance of 
Xk{K) follows from the canonical bijection Xk{K) = X{S) and from the fact that any 
iiT-isomorphism Xk Xk extends uniquely to an S'-isomorphism X ^ X (recall that 
X is the Neron model of its generic fibre Xk)- We may summarize as follows: 

3.3 Corollary Let {X — > S,g) he a model of type (GR). Then the induced pairs 



are etale-invariant. In particular, it makes sense to consider X{S) as "adelic" space-time 
and Xk{K) as archimedean space-time. 

3.2. Gravity 

If we do not restrict attention to the archimedean component Xk of X, but instead 
consider the full "adelic" theory, something interesting may be observed: The space 
described by {X S,g) cannot be the flat, topologically trivial Minkowski space. 

Before, we will prove this interesting fact, let us slightly extend the notion of Neron 
models. Up to know, we demanded that Neron models are of finite type. In particular, 
they are quasi-compact, i.e. the inverse image of any affine open subset is quasi-compact 
as a topological space. But, we may drop the condition that they are of finite type and 
thus drop the compactness-condition. But due to smoothness, they are still locally of 
finite type and are called Neron Ift-models. 

3.4 Definition Let 5 be a Dedekind scheme with ring of fractions K. Let Xk be a 
smooth i('-scheme. A smooth and separated S'-model X is called a Neron Ift-model of 
Xk if X satisfies the Neron mapping property (see Definition 16.11) . 

In the following, we denote by i? a discrete valuation ring with field of fractions K. We 
denote by R^^ the strict henselization of R with field of fractions K^^. Let R^^ be the 
strict henselization of the completion R of R, and let K^^ be the field of fractions of R^^. 

^Physically, it does not make sense to demand invariance of X{S) under arbitrary etale base-change. 
For example, if s € 5 is a closed point, the open immersion i : S — {s} S is etale, but neither 
finite nor surjective. Performing a base change with i simply means that we throw away the fibre 
of X{S) over the closed point s. So, it is clear that it does not make sense to demand invariance of 
X{S) under base change with arbitrary etale morphisms. The physically "correct" morphisms, which 
should leave X(S) invariant, are covering maps, i.e. finite, etale, surjective maps. 




and 




52 



3. Some properties of the arithmetic models 



Some parts make use of the notion of excellent rings, whose definition I will recall 
below. The reader who, is not familiar to this notion, may skip it and simply think of a 
Dedekind domain A of characteristic zero as an example of an excellent ring (in physical 
situations we will deal with Dedekind domains of characteristic zero anyway). Let us 
just mention that the strict henselization of an excellent ring is excellent again. Thus 
the extensions K^^/K and K^^/K are separable. 

Let us first state several existing criterions. Afterwards we will give the physical 
interpretation. 

3.5 Proposition Let R be a discrete valuation ring with field of fractions K , and let Xk 
he a smooth commutative K -group scheme of finite type. Then the following conditions 
are equivalent: 

a) Xk has a Neron model over R. 

h) Xk ®k contains no subgroup of type Ga or Gm- 

c) Xk{K^^) is bounded in Xk- 

d) Xk{K^^) is bounded in Xk- 

If, in addition, R is excellent, the above conditions are equivalent to 

e) Xk contains no subgroup of type Ga or Gm- 

PROOF [BLR], Thm. 10.2/1 □ 

The meaning of the conditions c) and d) will be illustrated in the next section. Here b) 
or e) are important. If we consider Neron Ift-models the existing criterion is as follows. 

3.6 Proposition Let R be a discrete valuation ring with field of fractions K , and let Xk 
be a smooth commutative K -group scheme of finite type. Then the following conditions 
are equivalent: 

a) Xk has a Neron Ift-model over R. 

b) Xk ®k K'^^ contains no subgroup of type Ga- 

If, in addition, R is excellent, the above conditions are equivalent to 

c) Xk contains no subgroup of type Ga- 

PROOF [BLR], Thm. 10.2/2 □ 

In physical situation we will always consider an excellent Dedekind scheme S whose field 
of fractions K has characteristic zero. Then, due to Proposition 13.91 the existence of a 
global Neron Ift-model (resp. of a global Neron model) is equivalent to the existence of 
the local Neron Ift-models (resp. of a global Neron models). 
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3.7 Theorem Let S be an excellent Dedekind scheme with field of fractions K with 
char{K) = 0. Let Xk he a smooth commutative K-group scheme of finite type. Then 
Xk admits a Neron Ift-model over S if and only if Xk contains no subgroup of type Gq. 

We saw that the subgroups of type Ga are critical. But what is the physics behind these 
groups? Well, due to the basic principles of general relativity, we always have to consider 
pairs {X,g) consisting of an object X representing space-time and a metric g on X which 
encodes gravity (classically X was chosen as a differentiable manifold). More precisely, 
g is the so called first fundamental form on X (see Proposition 14.211 for the algebraic 
geometric analogue of this notion). However, in our setting, we have got X = Ga- As 
a scheme, Ga coincides with the affine space K\. Therefore, the first fundamental form 
on GJJ is the trivial metric diag(ibl, . . . , ±1). Moreover, the set of differential geometric 
points represented by G^ is: 

Ga(IK)=K, ]K = ]R,C. 

Consequently, G^ has to be interpreted as algebraic geometric analogue of the manifold 
M" provided with the trivial metric. In particular, Minkowski-space corresponds to 
the Q-group scheme G^q in our arithmetic approach and thus contains a subgroup G^. 
Therefore, Minkowski space is impossible due to Theorem 13.71 

Finally let us give the announced definition of excellent rings and schemes. We will 
not motivate this notion and refer the reader to [Liu], chapter 8.2, for more details. 

3.8 Definition Let ^ be a noetherian ring. We say that A is excellent if it verifies the 
following three properties: 

a) SpecA is universally catenary (see [Liu], Definition 8.2.1) 

b) For each p G Spec A the formal fibres of Ap are geometrically regular, i.e. for 
all X G j4p the scheme Spec(^p ®Ap k') is regular for all finitely generated field 
extensions k'/k{x). Thereby Ap denotes the p-adic completion of ^p. 

c) For every finitely generated ^-algebra B, the set of regular points of SpecB is open 
in Spec B. 

3.9 Proposition Let S be a Dedekind scheme whose field of fractions K has charac- 
teristic zero. Then the existence of a global Neron Ift-model (resp. of a global Neron 
model) is equivalent to the existence of the local Neron Ift-models (resp. of a global Neron 
models). 

PROOF [BLR], page 310 □ 

3.3. The structure of the archimedean component 

In this section we are going to analyze the structure of the archimedean limit Xk of 
X. We will find that there is an algebraic torus Tk and an abelian variety Ak which 
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is realized as a quotient Ak = Xk/Tk- In analogy to the situation of classical, differ- 
ential geometric gauge theory, this obtrudes the interpretation that models of type (SR) 
describe gravity plus electromagnetism. 

The existence of the Neron model X of Xk is equivalent to the existence of the local 
models X x 5 Spec Os,s for each closed s G 5 by Proposition 13. 91 Due to Proposition 
13.61 this is equivalent to the fact that the unipotent radical of Xk is trivial. Then Xk is 
an extension of an Abelian variety Ak by a torus Tk, i.e. there is an exact sequence of 
iC- group schemes. 

^ Tk ^ Xk ^ Ak ^ 

Before interpreting this result physically, let us recall the notions of Abelian varieties and 
tori. 

3.10 Definition Let -fC be a field. An Abelian variety Ak over K is defined to be a 
-fC-group scheme which is geometrically integral and properU One can show that an 
Abelian variety is always projective and commutative. 

3.11 Definition Let K be a field. An algebraic torus Tk over K is a commutative 
-fC-group scheme of finite type over K which is isomorphic to {GmY for some r G N over 
an algebraic closure K of K; i.e. 

Tj^ ■= Tk^kK = (G„ j^)'' for some r e N . 

If this isomorphism can be realized over K, i.e. Tk = {Gm,KY for some r G N, the 
torus is said to split. 

For simplicity, let us assume that we may write Xk as a product Xk = Tk XkAk- Then 
looking at the set of physical points and using the fact that we can choose K = K'^^^ due 
to char(-R') = 0, we obtain an extension of ordinary groups 

^ TKiK^^"^) ^ XKiK^^"^) ^ ^i^(i^''P) ^ . 

Then, we obtain the decomposition 

X^(i^-P) = ^x(i^^^P) X T^(i^-P) = A;,(K-P) X ((G^,xsep)(K^^P))^ 

for some r E Z. Thereby, the last equality is due to the fact that the torus splits over K^'^'^ 
by definition. This isomorphism of groups can be interpreted as follows: The archime- 
dean limit Xk decomposes into two parts. The first part is given by an Abelian variety 
Ak- This represents the space-time dimensions. The second part is given by a torus Tk 
and should be interpreted as some kind of internal space (originating from some gauge 
structure). We will see that Tk is p-adically unbounded. 



^ A scheme X over S is called proper, if the canonical morphism X ^ S \s universally closed, separated 
and of finite type. 
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On the other hand one can show that each extension of an algebraic variety by a torus 
admits a Neron Ift-model. Thus each model of type (SR) {X — > S,g) is characterized by 
a certain structure of its archimedean limit. 

3.12 Theorem Let S be an excellent Dedekind scheme with field of fractions K with 
char{K) = 0. Let Xk he a smooth commutative K -group scheme of finite type. Then is 
equivalent: 

a) Xk admits a Neron Ift-model over S. 

h) Xk contains no subgroup of type Ga- 

c) Xk is an extension of an Abelian variety Ak by a torus Tk, i.e. over an algebraic 
closure of K there is an exact sequence 

^ Tk ^ Xk ^ Ak ^ • 

(Later, we will interpret Tk as the gauge group part and Ak as the "space-time" 
part of Xk (see also Definition \3.28\} .) 

PROOF The equivalence of a) and b) is just Theorem 13.71 The implication a) =^ c) was 
illustrated above and c) ^ a) follows from the following propositions. □ 

3.13 Proposition Let S be a connected Dedekind scheme with field of fractions K and 
let Ak be an Abelian variety over K . Then Ak admits a global Neron model A over S . 

PROOF [BLR], Thm. 1.4/3 □ 

3.14 Proposition Let S be a Dedekind scheme with field of fractions K. Then any 
torus Tk over K admits a Neron Ift-model over S. 

PROOF [BLR], Prop. 10.1/6 □ 

3.15 Proposition Let S' ^ S be a finite flat extension of Dedekind schemes with fields 
of fractions K' and K. Let Gk be a smooth K-group scheme and denote by Gk' the 
K' -group scheme obtained by base change. Let Hk be a closed subgroup of Gk which is 
smooth. Assume that Gk' admits a Neron Ift-model G' over S' . 

Then the Neron Ift-model of Hk over S exists. More precisely it can be constructed as 
a group smoothening of the schematic closure of Hk in the Weil restriction yisr/s{G'). 

PROOF [BLR], Prop. 10.1/4 □ 

3.16 Proposition Let S be a Dedekind scheme with field of fractions K. Let Gk be a 
smooth connected algebraic K-group which is an extension of a smooth K-group scheme 
Hk of finite type by a split torus Tk- Assume that iiom{HK,Gm,K) = 0; for example, 
the latter is the case if Hk is an extension of an Abelian variety by a unipotent group. 

Then, if Hk admits a Neron Ift-model over S, the same is true for Gk- 
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PROOF [BLR], Prop. 10.1/7 □ 

Up to now we only considered the archimedean limit Xk of the model of type (SR) 
{X S,g). But we want to show that also the full "adelic" object X has a very clear 
structure, too. 

So let Xx be the archimedean limit of X. Due to Theorem 13.121 Xx is an extension 
of an Abelian variety Ak by a torus Tk, i.e. there is exact sequence 

^ Tk ^ Xk ^ Ak ^ . 

By Definition 13.111 there exists a finite separable field extension K' /K such that Tk' '■= 
Tk®kK' splits. Thus performing a base change with the canonical morphism SpecK' — > 
SpecK, we can replace K by K' in the exact sequence above and assume that Tk splits, 
say of rank r. But then the extension Xk of Ak by Tk is given by primitive line bundles 
Ci, . . . Cr on Ak by [Serre2], Chap. VII, n°15, Thm. 5. A line bundle i3 on a group 
scheme G is called primitive if there is an isomorphism 

m*C = p\C ® P2^, 

where m is the group law on G and where pi : G x G ^ G are the projections, i = 1,2. 
Since the local rings of the Neron model A of Ak are factorial, the line bundles Ci, i = 
1, . . . ,r extend to primitive line bundles on the identity component A^ of A. Thus they 
give rise to an exact sequence 

^ — ^ X^ ^ A^ ^ , 

whose generic fibre is the exact sequence we started with. Furthermore X^ is the identity 
component of the Neron Ift-model X of Xk- 

So the structure of X^ is clear, if a can analyse the structure of A^. But Ak is an 
Abelian variety, and the structure of A^ is clarified by the fundamental Theorem on the 
potential semi-abelian reduction of Abelian varieties. Before stating this theorem let us 
recall the notion of reduction. 

Let G be a smooth group scheme of finite type over a connected Dedekind scheme 
S. We say that G has abelian reduction (resp. semi-abelian reduction) at a closed point 
s S S" if the identity component G^ is an Abelian variety (resp. an extension of an 
Abelian variety by an affine torus). In particular, if G is a Neron model of its generic 
fibre Gk, where K is the field of fractions of 5, we will say that Gk has abelian (resp. 
semi-abelian) reduction at s S S if the corresponding fact is true for G. The latter 
amounts to the same as saying that the local Neron model G x 5 Spec Os,s of Gk at 
s E S has abelian (resp. semi-abelian) reduction. 

If Ak is an abelian variety over K, then Ak is said to have potential abelian reduction 
(resp. potential semi-abelian reduction) at a closed point s £ S if there is a finite Galois 
extension L of K such that Al has abelian (resp. semi-abelian reduction) at all points 
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over s. More precisely, we thereby mean that the Neron model A' of Al over the nor- 
malization S' of 5 in L has abelian (resp. semi-abelian) reduction at all closed points 
s' £ S' lying over s. 

3.17 Theorem Each abelian variety Ak over K has potential semi-abelian reduction at 
all closed points of S. 

This theorem clarifies the structure of the model of type (SR) {X — > S,g). Let us 
conclude this chapter with a final remark. 

3.18 Remark In physical applications, we will consider a pair {X S,g) with 5 = 
SpecZ. Now consider the space-time part Ak of the archimedean component Xk of X. 
We only know that Ak has potentially semi-abelian reduction, but in general Ak itself 
will not have semi-abelian reduction. But if we perform the classical continuum limit K 
(i.e. we consider Xl ■= Xk ®k L and let the field L tend towards Q), then, at some 
place, Al happens to have semi-abelian reduction. 

The property to have semi-abelian reduction is a very strong symmetry (see Proposition 
13.191 or section [331) . Thus, the "adelic" structure on smallest scales is much richer and 
less symmetric than the structures that we find in the continuum approximation. For 
example, we find some kind of entanglement of the dimensions of space-time on smallest 
scales. The decomposition into distinct dimensions is in general only the consequence of 
some approximation process (see Remark 13.261 for details). 

3.19 Proposition // an Abelian variety Ak has semi-abelian reduction, then the for- 
mation of the identity component of the Neron model of Ak is compatible with faithfully 
flat extensions of discrete valuation rings R ^ R' . 

PROOF [BLR], Cor. 7.4/4 □ 

3.4. Boundedness of the archimedean component 

In the previous section we saw that the archimedean limit Xk of X is an extension of an 
Abelian variety Ak by a torus Tk, i.e. over an algebraic closure of K there is an exact 
sequence 

^ Tk ^ Xk ^ Ak ^ 

(by Theorem l3.12|) . Tk represents the gauge group part and Ak represents the space-time 
part of Xk ■ 

Within this section we will prove that the archimedean limit Ak is bounded. More 
precisely, as well Ak{K) as all non- archimedean continuum limits Ak{K) = Ak{Kp) 
are bounded with respect to the corresponding p-adic norm (recall that Kp is a finite 
extension of some Qp). In the special case S := SpecZ, the set of all possible norms 
(up to equivalence of norms) is given by the unique archimedian norm | • |oo (also called 
the prime spot at infinity) and the set of non-archimedian norms | • |p. There is one 
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norm | • \p for each prime number p € Z, namely the p-adic norm on Cp. Then the above 
boundedness assertion states that the set Aj^iQp) of points of the p-adic continuum hmit 
of Ak is necessarily bounded (with respect to the p-adic norm | • |p on Cp) for every prime 
number p of Z. The objective of this section [331 is as well the definition of the notion of 
boundedness as the illustration why this finiteness occurs. 

Therefore, let S be the spectrum of the ring of integers of an algebraic number field 
K. As 5 is a Dedekind scheme one knows from number theory that the local rings Os,s 
for closed points s £ S are discrete valuation rings. Let vr G Os,s be a generator of 
the maximal ideal of Os,s- This prime ideal is called a finite prime, vr is called a 
uniformizing element. Any r G Os,s can be uniquely written in the form 

r = vr" • n, 

with uniquely determined n G N and u £ Therefore each r £ K := Prac(C'5^s) can 

be uniquely written in the form 

r = vr" • u, 

where n G Z and u G Og g. Then there is a norm | • on Fiac{Os,s) defined as follows. 
Let r G K := Frac{Os,s) and decompose r as above: r = tt" • n. Let p = char k{s) be the 
characteristic of the residue class field k{s) at s. Then 

|r|p^ :=<H(pJ-- 

with ^(ps) '■= P^''" and /p^ := [k{s) : ¥p]. This definition may look deterrent, if one 
is not used to it. 9T(p^) occurs in this definition in order to have certain nice number 
theoretic identities. The norm |r|p^ can be written more "transparently" in the form 



for some g G N. The exact value of q is important for number theoretic identities, but 
does not influence the topology induced by this norm. Thus the size of a number r £ K 
with respect to the norm | • |p^ is only dependent on the number of factors vr that are 
contained in r. The norm | • |p^ is a non-archimedian norm. 

After these preparations let us introduce the notion of boundedness. We start with a 
discrete valuation ring R with field of fractions K. Furthermore, consider a faithfully flat 
extension of discrete valuation rings R ^ R' and let K' be the field of fractions of R'. 
In physical situations we will choose an etale morphism R ^ R' oi we will consider the 
strict henselization R' := R^^ of R. Then, by the above, R and R' give rise to absolute 
values on K and K' . Assuming that these absolute values coincide on K, we denote 
them by I • I . This is justified by the following proposition. 

3.20 Proposition Let K be a field which is complete with respect to the absolute value 
I • |. Let L/K be an algebraic extension. Then there is a unique continuation of\- \ to L. 
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If[L:K] 



n < Qo, then for all a G L 



a\ = 



NL/Kia)\. 



PROOF [Neu], Chap. II, Thm. 4.8 



□ 



Now for any ii'-scheme Xk, for any point x G Xk{K') corresponding to the maximal 
ideal rria; and for any section g of Oxj^ being defined at we may view the image g{x) 
of g in Oxk,x/(j^x) as an element of K' . Thus the absolute value \g{x)\ is well defined 
and it makes sense to say that g is bounded on a subset of Xk{K'). As an example let 
us consider the special case Xk = A^. Then any section g is given by a polynomial 
g = g{Ti, . . . , Tn) G K\Ti, . . . , T„] with variables Ti, . . . , Furthermore, any point 
X G Xk{K') = (K')" can be written as x = (xi, . . . G {K')^. Thus g{x) is simply 
the evaluation of the polynomial g at x and \g{x)\ is the size of the number g{x) G K' 
with respect to the absoulte value | • | . Everything works like one is used to from the real 
or complex case, just with the archimedian norm | • |oo replaced by its non archimedian 
counterpart | • |. 

Applying this procedure to the coordinate functions of the affine ?T.-space A^, we arrive 
at the notion of bounded subsets of A^{K'). 

3.21 Definition As before, let i? ^ i?' be a faithfully flat extension of discrete valuation 
rings with fields of fractions K and K'. Furthermore, let Xk be a -fC-scheme of finite 
type and consider a subset E C Xk{K'). 

a) If Xk is affine, E is called bounded in Xk if there exists a closed immersion 
Xk ^ mapping E onto a bounded subset of A^{K'). 

b) In the general case, E is called bounded in Xk if there exists a covering of Xk by 
finitely many affine open subschemes Ui, . . . ,Us C Xk as well as a decomposition 
E = \jEi into subsets Ei C Ui{K') such that, for each i, the set Ei is bounded in 
Ui in the sense of a). 

One can show that condition b) of Definition 13.211 is independent of the particular affine 
open covering Ui of Xk (see [BLR], Lemma 1.1/3). Furthermore the image of a bounded 
set is bounded again as one would expect intuitively. 

3.22 Proposition Let R ^ R' be a faithfully flat extension of discrete valuation rings 
with fields of fractions K and K' . Consider a K-morphism f : Xk Yk between K- 
schemes of finite type. Then, for any bounded subset E C Xk{K'), its image under 
Xk{K') Yk{K') is bounded in Yk- 



3.23 Proposition Let R ^ R' be a faithfully flat extension of discrete valuation rings 
with fields of fractions K and K' . Consider a proper K-scheme Xk- Then any subset 
E C Xk{K') is bounded in Xk- 



PROOF [BLR], Prop. 1.1/4 



□ 
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PROOF [BLR], Prop. 1.1/6 □ 

As Ak is an Abelian variety, it is proper and thus bounded due to Proposition [3231 Due 
to our exposition in the previous section 13.31 is given by the extension 

— ^ — ^ ^ A° ^ , 

where is the identity component of the Neron model A of Ak- Recalhng conditions 
c) and d) of Proposition 13.51 we see that the boundedness of the extended space-time 
dimensions is not by chance, but a fundamental property of models of type (SR). The 
boundedness of the extended space-time dimensions is necessary. In particular, one 
obtains an effective p-adic infrared cutoff. 

Last but not least let us consider the "gauge part" of X^. Due to the equality 
Gm,K{K') = {K'y , this is not a bounded set. If a G {K')* with \a\ > 1, then two 
points with coordinates a and a" are arbitrary far separated from each other with re- 
spect to I • I if n is big enough. 

3.5. Lifting of structures from the archimedean to the adellc 
level 

Fibre-bundles are an essential tool in real- valued physics (based on differential geometry). 
In particular, they allow a global, coordinate independent description of physics, e.g. of 
fields mediating forces. In the framework of vector-bundles, physical fields occur as local 
sections of vector-bundles with space-time as base manifold M. Let 

f : N ^ M 

be the corresponding projection map from the vector-bundle onto the base, whose sections 
are therefore physical fields. 

The notion of principal bundles is furthermore a principal item of gauge theory which 
we are interested in. Let P be a G-principal bundle over M, where M is a Riemannian 
manifold and G is a Lie-group. In particular, a principal bundle gives rise to a canonical 
exact sequence 

^ G ^ P ^ M ^ 

and is equipped with a free and transitive G-action ip on P 

i^-.PxG^P 

(see section 18.11) . Let us consider the analogues of these structures in our algebraic 
geometric setting which is exposed in detail in section 18.21 Then the above morphism 
/ corresponds to a smooth ii'-morphism fx '■ Xk Yk- The notion of a field (e.g. 
the electromagnetic field) as section of this morphism makes sense, because locally (with 
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respect to etale topology) at physical points smooth morphisms admit sections due to 
Proposition 11.191 

Furthermore, in algebraic geometry, the differential geometric G-principal bundles of 
gauge theory is the so called torsor under an algebraic iC-group Gk (see Definition 18. 7p . 
Again there is a canonical exact sequence 

^ Gk ^ Pk ^ Xk ^ 

and Pk is equipped with a free and transitive Gj<-action ipK which is given by an 
isomorphism 

■ipK ■■ Pk Gxk Pk ^Xk Pk 

with Gxii '■= Gk xk Xk- But we want to do physics not only in the archimedean 
limit, but also in the "adelic" situation. In particular, we intend to do gauge theory 
in this setting. Thus, the above structures like the morphism Jk or the Xi^-'torsor Pk 
under Gk (given by the above exact sequence) should lift to the "adelic" level in certain 
situations. 

We will see within this section that this lifting of structures from the archimedean to 
the "adelic" level in fact happens under quite general assumptions. 

Lifting of physical fields Let us consider an archimedean, physical field given by 
a section sk '■ Yk ^ Xk of a smooth K-morphism /x : Xk Yk and let X, Y the 
corresponding "adelic" models of type (SR). Then due to the Neron mapping property 
there exist unique morphisms f : X ^ Y and s : Y ^ X extending /k and sk- By 
functoriality, we have f o s = id|y , i.e. s is a section of / and thus a physical field in the 
"adelic" world. 

Lifting of exact sequences There are some quite general situations where exact se- 
quences lift to the "adelic" level. 

3.24 Proposition Let R be a discrete valuation ring with field of fractions K, and let 
Ak — > Aj^ be an exact sequence of Abelian varieties. Consider the 

associated sequence of Neron models ^ A' ^ A ^ A" ^ 0. Assume that the following 
condition is satisfied: 

R has mixed characteristic and the ramification index e = u{p) satisfies e < p — 1, 
where p is the residue characteristic of R and where v is the valuation on R which is 
normalized by the condition that v assumes the value 1 at uniformizing elements of R. 

Then the following assertions hold: 

a) If A' has semi-abelian reduction, A' ^ A is a closed immersion. 

b) If A has semi-abelian reduction, the sequence — > A' ^ j4 — > A" — > is exact. 

c) If A has abelian reduction, the sequence ^ A' ^ A ^ A" ^ is exact and 
consists of Abelian R-schemes. 
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PROOF [BLR], Thm. 7.5/4 □ 

3.25 Lemma Let — > A'j^ — > Ak — > A'^ be an exact sequence of Abelian varieties 
over K. Then Ak has semi-abelian (resp. abelian) reduction if and only if Aj^ and Aj^ 
have semi-abelian (resp. abelian) reduction. 

PROOF [BLR], Lemma 7.4/2 □ 

3.26 Remark Let K be an algebraic number field, and let S = SpecO/^ be the spectrum 
of the ring of integral numbers of K. If the archimedean world Xk has no gauge part, 
Xk is already an Abelian variety. Let us assume that there is an inductive decomposition 
of Xk into lower dimensional subspaces Ay, i = 1, . . . ,n which are Abelian varieties, 
too. More precisely, assume that there are exact sequences of Abelian varieties 

— B« — Bp'^ — 4) — , := aS^\ 

such that Xk = B^^~^^\ For example, one may assume that each Abelian variety A^^ 
is an elliptic curve. Prom the physical point of view, the latter yields a decomposition 
of space-time Xk into the different dimensions. We know that each variety A^^ (resp. 
B^k ) possesses a Neron model A^"^^ (resp. S^), Physically, A^*) (resp. S^*)) describes 
an "adelic" world whose archimedean component is given by Aj^ (resp. B^). However, 
in general, the Abelian varieties A^^ , B^^ will not have semi-abelian reduction. Conse- 
quently, the above decomposition of Xk will in general not lift to the "adelic" level, i.e. 
the induced sequences 

^ ^ ^{i+i) ^ A(^) ^ 

possibly fail to be exact (see Proposition 13.241) . Physically, this defect of exactness may 
be interpreted as some kind of entanglement of the dimensions on the smallest scales. 
This is clearly an "adelic" effect. Also with respect to the metric we meet the same 
phenomenon: At 5- valued points, the metric takes values in the ring Ok- But in general, 
even if Ok is by chance a principal ideal ring, the metric cannot be diagonalized. Only 
upon the archimedean component Xk, the metric may be diagonalized, and we find the 
decomposition oi Xk into distinct dimensions (see Proposition I4.13p . 

However, there is still another phenomenon. If we perform the continuum limit (i.e. we 
consider Xl ■= Xk^rL and let the field L tend towards Q), then, as soon as L becomes 
big enough, A^^^ := A^j^ 0k L happens to have semi-abelian reduction (Theorem I3.17p . 
j£ ^/{*) (rggp B'^^^) denotes the Neron model of A^^ (resp. B^^) over the normalization 
5' of 5 in L, it follows that induced exact sequences 

Bf Af 
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actually lifts to the "adelic" level, because each A^^ has semi-abelian reduction (apply 
Proposition 13.241) . More precisely, we obtain exact sequences 

^ ^ ^ Jl'ii) ^ 

on the "adelic" level, too. Therefore, the entanglement of the dimensions on the "adelic" 
level is lost if we perform the continuum limit. Furthermore, there is suddenly not only 
compatibility of X' = A'^^^ with unramified, but also with ramified base change (see 
Proposition 13.191) . 

Let us now incorporate gauge theory. Therefore, consider a X-torsor P under a gauge 
group Gx := G X s X . We know that the model of type (SR) X is the Neron model of 
its generic fibre Xk- But in general, G need not be the Neron model of its generic fibre. 
Physically the latter means that G is the gauge group of a gauge field which is limited 
to the quantum level. Exactly those gauge fields, which appear as classical fields with 
unlimited range (like the electromagnetic field), must posses a gauge group which is the 
Neron model of its generic fibre. Let us now determine all gauge groups with this property. 
For this purpose assume that Gk is the (commutative) gauge group of a classical gauge 
field with infinite range. However, there is a canonical gauge theory associated to the 
trivial X/^f-torsor Pk := Xk = Gk under Gxj^ '■= Xk xr Gk which 

fits into an exact sequence Gk Pk Xk — > of group schemes. This gauge 
theory realizes the most simplest vacuum structure which is possible and is therefore 
usually chosen in physical applications. By assumption, the considered gauge field is 
classical with infinite range. Therefore, its gauge group possesses a Neron model. Now 
there is the following result. 

3.27 Lemma Let S be a Dedekind scheme with field of fractions K, and let 

^ G'^ Gk ^ G"^ 5- . 

he an exact sequence of smooth K-group schemes of finite type (which are not necessarily 
commutative) . 

a) If Gk admits a Neron model over S, the same is true for G'j^. 

b) If G'j^ and admit a Neron model over S' , the same is true for Gk- 

PROOF [BLR], Prop. 7.5/1 □ 

Therefore, also Pk possesses a Neron model P. It follows from Theorem l3.12l that Pk also 
fits into an exact sequence Tk Pk 0, where Tk is a torus, and where 

Ak is an Abelian variety. Comparing the two exact sequences it is therefore natural to 
interpret Tk as gauge group part of Pk. As higher-dimensional tori are products of one- 
dimensional tori, only the one-dimensional torus is indecomposable, i.e. describing gauge 
bosons which are elementary particles. Therefore, we make the following definition. 
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3. Some properties of the arithmetic models 



3.28 Definition Let Gm.K be the one-dimensional torus. Then the gauge field associ- 
ated to the (commutative) gauge group 

Gk '■= 'Gm,K 
is called the arithmetic electromagnetic field. 



4. The dimensionality of the arithmetic 
models 



Within this section let us consider a model of type (GR) {X S,g), and let Xk be the 
generic fibre of X (see Definition I0.4p . Recall that, unless otherwise specified, ii' C M is 
an algebraic number field (i.e. a finite algebraic extension of Q), and that Ok is the ring of 
integral numbers of K (i.e. the integral closure of Z in K). For example, think of Ok = Z 
and K = Q. As already illustrated, we consider a smooth algebraic space Xk over K 
as the fundamental object underlying the archimedean space-time limit (see Definition 
11.101) . Then, in the archimedean continuum limit, we obtain a classical differentiable 
manifold M which is realized as the set of M- valued points of Xk, i.e. M = Xk{^) ■ 

In this chapter we will draw some conclusions from the presence of gravity concerning 
the dimensionality of space-time. Let us once for all denote the relative dimension of Xk 
by n. In contrast to relativistic theories over the infinite prime spots M or C, which may 
be formulated for arbitrary values of n, it will turn out that the finite prime spots of the 
algebraic number field K exert a wide influence on the admissible number of dimensions. 
Already B. Dragovich, I.V. Volovich et al. mentioned some remarkable coincidences 
between p-adics and dimensionality of space-time (see [Dra], Chap. 5, concluding remarks 
and [ADFV], end of section 2.1). We will meet this phenomenon in our approach, too. 

But first, let us recall that there are a priori two different ways of describing the 
M-valued Minkowski-space-time M" which underlies the theory of special relativity: 

a) Both, space x and time t, are M-valued variables, i.e. x G M"^^, t G M. The metric 
of space-time is given by the Minkowski-metric g^i, = diag(l, —1, . . . , —1). 

b) Space x is a M-valued variable, but time t is purely imaginary, i.e. t G iM (as it 
is proposed by the principles of quantum mechanics). The metric of space-time is 
given by the euclidian-metric gfj_i, = diag(l, . . . , 1). 

However, within the bounds of this chapter, only the second point of view (that time is 
a purely imaginary variable) will be presented. Assuming that gravity is a field of spin 
2, one may prove the following statement: 

• In the case 6), n = 4 and each tangent space is equipped with the structure of a 
quaternion algebra with "Pauli matrices" as generators. 

Let us at least mention another issue. If one admits furthermore that next to the spin-2 
field of gravity there is also a metrical spin-3 field, one can show that this implies n > 10. 

In order to be able to talk about gravity in our algebraic geometric setting, we have 
to introduce the notion of a metric. For details we refer to section l43l 
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4. The dimensionality of the arithmetic models 



4.1. The privileged character of four dimensional spaces 

Let us consider our archimedean limit Xk — > Spec K of relative dimension n. We assume 
that gravity is a field of spin-2 metric. Therefore, we may choose a metric 

9K ■■ Txk/k Txk/k ^Xk 

(see Definition I4.20p . Thereby, Txj^/k denotes the tangent bundle over Xk, and 
denotes the one-dimensional affine space over Xk- For those readers, who are not used to 
these notions, we may give an equivalent description of the metric in terms of matrices. 
For simplicity, let us assume that the module of differential forms ^^^^jk is globally free. 
If {uj^ , . . . ,uj") is a global base of the differential forms ^x^^k^ then qk corresponds to 
a non-degenerate symmetric bilinear form 

9K= Yl 3i.u iof'^uj'' £ nf^^j^iXK), g^u G Ox^ (Xk). 

Thus, the metric may be interpreted as a matrix {g^u)- At this place we will not derive 
the concrete structure of gK, we simply work with a given structure. The reader may 
think that g^y is stipulated by the equations of general relativity. We interpret the metric 
as an instrument which enables us to measure space-time distances. 

Let us study the metric in more detail. Choose a physical point x G Xk (i.e. a closed 
point of Xk)- Then x takes values in a finite separable extension k{x) C Q of K, where 
Q C C denotes an algebraic closure of Q. Using the physical interpretation given in 
section 14.31 we see that the evaluation of qk at the physical point x e Xk induces a 
bilinear form 

9k{x) ■- Tx^/k{x) X Txj^/k{x) k{x). 

Due to the equality 

Txk/k{x) = Homfc(^)_iin (^^Xj^/K ® Hx), Kx)^ = Homfc(^)_iin {k{x)"-, k{x)) = k{xY 

we may write gK{x) as a bilinear form on the A;(x)-vector space /c(x)"' 

gK{x) ■- k{xY X A;(x)" ^ k{x)- (4.1) 

Let us by some abuse of notation denote the matrix representing the bilinear form gK{x) 
by g^u{x) or simply by g^i^. As char {k{x)) = / 2, we can equivalently write gK{x) as 
a quadratic form 

gK{x){Tu...,Tn) = Y,9Ax)T^T\ g^,{x) G k{x)- 

Taking into regard that the metric gK^x) is an instrument to perform measurements 
in space-time, we can make a further statement on the structure of gK{x)- As the 
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building stones of a classical space-time are infinite small zero-dimensional point particles, 
arbitrary small distances in space-time are realized. Thus tangent-vectors of arbitrary 
lengths may be constructed in the classical world. In particular, if we submit a measurable 
length, i.e. a number of k{x), then, at least in a classical world, one can construct a 
tangent-vector which takes exactly this length. This amounts to saying that gxix) is 
surjective. 

Consider the infinite prime spot M of the rational numbers Q. Performing a base change 
with ^ M, the archimedean limit Xk with its metric gx induces a differentiable 
manifold 



the space-time manifold of the archimedean continuum limit. 

Before we proceed, let us introduce some notation which we will need below. The 
field K possesses valuations which enable us to measure the "size" of its elements. These 
valuations are called the prime spots of K (see Definition 14. 12p . In particular, each prime 
spot induces a topology on K. However, the topological field K need not be complete 
with respect to a chosen prime spot p. As usual, let Kp denote the completion of K with 
respect to a prime spot p. One can prove that either Kp = M, Kp = C or that there 
exists a prime number p ^ such that Kp is a finite extension of Qp. The complete 
fields Kp are called local fields, whereas K is a global field. The field M of real numbers 
is an ordered field (i.e. given two elements G M, then either x < y oi y < x). In 
contrast to this, the p-adic fields are not ordered. Therefore, in the case Kp / M, the 
field Kp is not ordered: There does not exist a split into positive and negative numbers 
(i.e. the arrow of time and the split into future and past disappears. In a certain way, 
there exists only future). This interpretation motivates the following definition. 

4.1 Definition Let a G Kp. 

a) If Kp = M, a is called strictly positive if and only if a > 0. 

b) If Kp 7^ M, a is called strictly positive if and only if a 7^ 0. 

Finally, let us consider a quadratic form gx '■ K^ x K^ — > K over K. Evaluation of gx 
at pairs (x, y) £ K^ x K^ induces a quadratic form over Kp which we denote by gxp ■ 

The case of euclidian gravity. 

Let us now illustrate the privileged character of four-dimensional relativistic models. We 
will assume that (X]r(M), (^k) describes euclidian gravity. Therefore, in inertial systems, 
the metric takes the form 




/ 1 
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4. The dimensionality of the arithmetic models 



over the prime spots at infinity. This quadratic form is anisotropic over R and represents 
all strictly positive real numbers (see Definition I4.15|) . These two properties of the rel- 
ativistic metric gf^i, over M motivate the following definition (where we make use of the 
notation which was introduced above in the paragraph containing Definition 14. 

4.2 Definition Let K be either a global or a local field. Let gx '■ x —^Khea 
quadratic form over K. Then gx is called of type (R) if and only if there exists a finite 
prime spot p of K , such that: 

^) QKp is anisotropic. 

b) gKp represents all strictly positive numbers a G Kp. 

If K does not possess a finite prime spot, gx is called of type (R) if a) and b) are true 
with Kp := K. 

4.3 Remark Let gx be a quadratic form of type (R). 

a) More intuitively, the two conditions a) and b) of Definition 14.21 may be stated as 
follows: 

• \\A\l'-=\9Kp{x,x)\p = Q ^ X = 0. 

• Classical scales do not have holes! 

b) By the Hasse-Minkowski theorem 14.181 gx does not represent zero over K. 

c) If n > 4, then the second condition in Definition 14.21 is actually true for all finite 
prime spots of K (as we will see soon). Especially, if C M, we deduce from 
the Hasse-Minkowski theorem 14.181 that either gx or —gx represents all strictly 
positive numbers < a G iT. 

This fact justifies the "global" statement: Classical scales do not have holes! 

d) If n = 4 and K = M, then gx = diag(l, 1, 1, 1), i.e. gx describes a space-timewhich 
is relativistic in the sense of euclidian gravity. Therefore, Definition 14.21 generalizes 
the notion of a relativistic metric (in the sense of the theory of special relativity) 
from M to arbitrary local and global fields. 

Now we are prepared to incorporate gravity. 

4.4 Definition Let Xx — > Specie' be of dimension n. Let gx be a spin-2 metric on Xx 
describing gravity. 

Then Xx is called of type (R) if and only if gx[x) is of type (R) in the sense of 
Definition 14.21 for all physical (i.e. closed) points x G Xx- 

4.5 Theorem Let Xx — > SpeciC he of type (R) in the sense of Definition \4-4\ o-nd of 
dimension n. Then the following statements are true: 
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• n = 4. 

• In inertial systems, the metric may be written as 

/ 1 \ 

_ -e 

-vr 

V e-TT J 

with numbers e, vr G K* which have the following property: 
There exists a finite prime spot p of K such that 

(i) TT is a uniformizing element of Kp. 

(a) The reduction of e mod it is not a square (i.e. e ^ k*'^)- 

More precisely, g^y is the norm form of the non-split quaternion algebra (e, vr) over 
Kp (see Definition \4. 16\ ). 

PROOF In order to perform the proof in an elegant manner, let us introduce some nota- 
tion. For this purpose let us consider the field Qp of p-adic numbers (p being a prime 
number). Let a,b G Q* and put 

(a, 6) = 1 if — ax^ — by'^ = has a solution (z, x, y) / (0, 0, 0) in Q^. 
{a,b) = —1 otherwise. 

The number (a, 6) G {±1} is called the Hilbert symbol of a and b relative to Qp. The 
number (a, b) does not change when o and b are multiplied by squares; thus we may 
consider the Hilbert symbol as a map 

(•,•) :Q;/q;'xq;/q;2^{±i}. 

Due to [Serrel], Chap. Ill, §1, Thm. 1, this map has an interesting property which will 
be important later: It is bilinear and nondegenerate. The assertion "nondegenerate" has 
to be understood as follows: Each number b £ Q* which has the property that (a, b) = 1 
for all a G Q* is a square, i.e. b G Q*^. 

Q = S^2=i O'ij^i^j is a quadratic form in n variables over Qp, we know from 
Proposition 14.131 that Q may be diagonalized: 

Q ~ aiXf + ... + anXl. 

Then the two elements 

det(Q) := ai • . . . • a„ 

s{Q):= W {ai,a,) G {±1} 

l<i<j<n 

are important invariants of the quadratic form Q. 
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4. The dimensionality of the arithmetic models 



After this preparation, let us begin with the proof of Theorem 14.51 Let x G Xk be 
a physical point. We may assume that K = k{x) = Q. By assumption, Xk is of type 
(R), i.e. there exists a prime number p such that on the one hand gQ^{x) does not 
represent zero, but on the other hand represents all non-zero numbers a G Q*. Let us 
prove that this already implies n = 4. We will do so by showing that dimensions n ^ 4 
are impossible. As we are free to perform coordinate transformations (i.e. it suffices to 
consider similarity classes of quadratic forms), all numbers may be viewed as elements 
of Qp/Qp^. Furthermore, let us use the abbreviation Q := gq (x). 

n=l: By Proposition 14.91 b), Q represents a G Q* if and only if a = det{Q). But 
Q* / Q*^ / {1} by Proposition 14.141 In particular, Q does not represent all a G Q*. 

Therefore, n = 1 is not possible. 

n=2: On the one hand, we know from Proposition 14.91 b) that (a,—det{Q)) = s{Q) 
for all a G Q* / Q*^. On the other hand, it follows from Proposition 14.91 a) that 
— det((5) / 1. But, we saw above that the Hilbert symbol (•,•) is a nondegenerate 
bilinear form. Therefore, it is possible to choose a number 6 G Q* / Q*^ such that 
(6, — det((5)) 7^ s{Q), and we arrive at a contradiction. 

Thus, n = 2 is not possible. 
n=3: For each a G Q* / Q*^, we must have either 

a/-det(Q) or (^a = - det(Q) and = (-1, - det(Q)) ^ . 

But on the other hand, we already know that s{Q) / (—1, — det(Q)), because oth- 
erwise Q would represent zero by Proposition 14.91 a) . This implies the contradiction 
a 7^ - det(Q) for all ae%/Qf. 

Therefore, n = 3 is not possible. 

n > 5 : By Proposition 14.91 a) . the quadratic form Q is isotropic. 

Therefore, n > 5 is not possible either, and it remains the case n = 4. Now the 
theorem follows from Proposition 14.171 □ 



4.6 Corollary K -schemes Xk SpecK of type (R) exist. 

PROOF As in the proof of Theorem l4.51 we may assume that K = k{x) = Q. By Theorem 
14.51 we know that Xk has to be four-dimensional. Therefore, Proposition 14.191 shows 
that i^'-schemes Xk Specif of type (R) actually exist. □ 

4.7 Corollary Let X ^ S he a smooth S- scheme of relative dimension n with metric g 
such that the archimedean limit Xk is of type (R) ■ Then 



n = 4. 
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PROOF Due to Theorem 14.51 the relative dimension nx of Xk is four. But nx coincides 



Evoking Lemma fl. 251 and Lemma fl .261 we finally obtain the following result. 

4.8 Lemma Let S be a Dedekind scheme with field of fractions K . Let f : X ^ S he a 
smooth morphism of relative dimension n, and assume that X is connected. Let nx he 
the relative dimension of the generic fihre fx '■ Xx Specif of f. Then 

n = nx- 

PROOF As already stated, this is a direct consequence from Lemma 11.251 and Lemma 



4.9 Proposition Let p he a prime numher, and let Q he a quadratic form of rank n on 
Qp. Then the following statements are true. 

a) For Q to represent zero it is necessary and sufficient that 

(i) n = 2 and det(Q) = -1 (in %/Qf). 
(a) n = 3 and s{Q) = (—1, — det{Q)). 

(Hi) n = 4 and either det(Q) / 1 or (^det{Q) = 1 and s{Q) = (—1, ■ 
(iv) n > 5. 

h) Let a G Q*. In order that Q represents a it is necessary and sufficient that 

(i) n = 1 and a = dei{Q). 
(a) n = 2 and s{Q) = (a, — det{Q)). 

(Hi) n = 3 and either a ^ — det{Q) or (^a = — det{Q) and s{Q) = (—1, — det{Q)) ^ 
(iv) n > 4. 

Note that in this statement a and det{Q) are viewed as elements of Q* / Q*'^ . Also all 
equations have to he read in Qp/Qp^; e.g. the inequality a ^ —det{Q) means that a is 
not equal to the product of — det{Q) and a square. 

PROOF [Serrel], Chap. IV, §2, Thm. 6 and the corollary to this theorem. □ 

4.10 Remark In particular, we see that the tangent space Txj^/x{x) of Xx at a physical 
point X S Xx is not only a vector space, but even a quaternion algebra if Xx is of type 
(R). We may choose a basis of Tx^^/xi^) which is actually the basis of a non-split 
quaternion algebra 



with n by Lemma 14.81 



□ 



□ 



Txk/k{x) = Keo © Kei © Ke2 © Ke^. 



6162 = 63, 6261 = -6261, 60 = 1 

Ci = e ■ 1 = e, 62=vr-l = 7r 
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4. The dimensionality of the arithmetic models 



Thus, we may write a gauge field A{x) at x in the general form 

3 

A{x) = A^eo + '^A^ei. 

i=l 

The elements ei, 62 and 63 are analogues of the Pauli spin matrices. By means of 
conjugation in the quaternion algebra (see Definition I4.16p . the gauge field A{x) gives 
rise to the field A{x), 

3 

A{x) = A^eo -^A'ci. 

i=l 

We call A{x) the anti-field of A{x). Considering pairs {A, A), we may write 
Introducing the gamma matrices 




for i = 1,2, 3, 



we finally arrive at the expression 

3 

{A,A) = Y,^^^,- 

fj.=0 

We claim that the gamma matrices fulfill the relations 

It^lu + lull, = 2g^y ■ I 

Thereby, I denotes the unit matrix, and g^y denotes the metric at the physical point 
X G Xk (whose concrete form is determined by Theorem 14. Sp . 

PROOF Let i, j = 1, 2, 3. Then we derive that 

• 7070 = (J \ = ? ) = foo • I 

/OlWO e,\ f \ . 

Thus, 7o7i + 7i7o = = 2301: ■ i. 

Thus, 7i7j + 7j7i — — (eiCj + ejCi) ■ i. But the generators of the quaternion algebra fulfill the 
following identities: 



4.2. Quadratic forms 
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• 6162 = —6261, 6163 = —616162 = —616261 = —6361, 6263 — 626162 — —616262 = —6362. 

• 61 = £ = -311, 63 = TT = -p22, el = 61626162 = —6162 = — e-TT = -ff33. 

This shows that 6^6^ + 6j6i — ~2gij. With this, everything is proven. □ 

Therefore, pairs (.4, ^) are elements of a Clifford algebra. In particular, we see that the 
archimedean limit Xk of X has got the property that gauge fields act canonically on 
spinors, if Xk is of type (R) (in the sense of Definition I4.4p . The coupling of gauge fields 
to spinors via gamma matrices occurs naturally. 

4.2. Quadratic forms 

Consider the standard situation of a metric gx living on a smooth K-scheme Xk (see 
Definition ll.lOp . In physical applications, the field K will be an algebraic number field, i.e. 
a finite algebraic extension of the rational numbers Q. As a consequence, the evaluation 
of gx at physical (i.e. closed) points of Xk yields quadratic forms over algebraic number 
fields (see section I4.3p . A good understanding of these quadratic forms is therefore 
a prerequisite for a successful treatment of a theory of gravity. In particular, some 
properties of algebraic number fields have to be collected which we are going to present 
now. An important tool for the analysis of algebraic number fields are valuations. 

4.11 Definition Let K be a field, and let K* be the group of units of K. A valuation 
of K is a map v : K ^ RUjcxo} which has the following properties: 

a) v{a) = 00 44> a = 0. 

b) v{ab) = v{a) + v{h) for all a,be K*. 

c) v{a + b) > min{ti(a), f (6)} for all a,b £ K* . 

4.12 Definition A prime spot p of an algebraic number field K is an equivalence class 
of valuations of K. The non-archimedean equivalence classes are called finite primes, the 
archimedean ones are called infinite primes. We write p f 00 (resp. p | 00) if p is finite 
(resp. infinite). In the case p f 00, we write p | p if the residue field k(p) corresponding 
to p, is of characteristic p. Recall that 

k{p) := Op/ iTip, 

where := {a £ K \ p(a) > 0} and where rrip C Op is the maximal ideal. 

In analogy to the case of finite prime spots exposed in Lemma 14.271 the infinite prime 
spots are given by embeddings t : K ^ C An infinite prime spot p is called real or 
complex depending on whether the completion Kp is isomorphic to M or C, and we define 



k{p) := Kp. 
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4. The dimensionality of the arithmetic models 



We may associate to each prime spot p of K a canonical homomorphism 

Vp: K* ^R. 

If p is finite, we define Vp to be the normed p-adic valuation on K given by Vp{K*) = Z. 
If p is infinite, we define Vp{a) := — log |Ta|, where t : K ^ Cis the embedding defining p. 

Let us now return to quadratic forms. A central result is the fact that quadratic forms 
over fields of characteristic zero may be diagonalized. 

4.13 Proposition Every quadratic module {V,Q) over a field k (i.e. V is a k-vector 
space with a quadratic form Q on V) has an orthogonal basis. 

PROOF [Serrel], Chap. IV, Thm. 1 □ 

Therefore let (5^,,) = diag(5rii, . . . ,gnn) =■ {gn, ■ ■ ■ ,9nn) be diagonal. As we are working 
with spin-2 gravity (i.e. with quadratic forms), and as we are only looking up to coordi- 
nate transformation (i.e. up to isometry of quadratic modules), we are free to multiply 
the gu with elements of K*"^ := {a^|a G K*^. Therefore, it is of interest to understand 
fields modulo squares. 

4.14 Proposition Let Kp he a p-adic field with residue class field kp and prime vr. 
a) If char{kp) / 2, then Kp has exactly four square classes 

Kp7i^p*2^{l,e,^,e7r} 
where e is a unit whose reduction mod vr is not a square, i.e. e ^ fc*^ . 

h) If char{kp) = 2 that is Kp is a finite extension 0/ Q2, then Kp has exactly 2""'"^ 
square classes for n = [Kp : Q2] • 

c) Up to isomorphism Kp has exactly one non-spli^ quaternion algebra. If we define 
the "Hasse-Minkowski symbol" by 

\ -1 if (O) /5) does not splits 

then the map s : Kp/Kp"^ x K*/K*'^ {±1} is nonsingular. If char{kp) / 2, then 
(e, tt) is a non-split quaternion algebra. 

PROOF [Schar], Chap. 6, Fact 4.1 □ 



^Let (a,/3) be a quaternion algebra (see Definition UTB}. Then the following statements are equivalent: 

• (q, (3) splits 

• (q, /3) is not a skew-field. 

• The norm form A'^ of (a, /3) is isotropic. 
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Before we state the important Hasse-Minkowski theorem, let us introduce the following 
notion. 

4.15 Definition Let K he a field and let Q{Ti,...,Tn) := J^aijT'T^, aij e K he a 
quadratic form in n variables over K. 

a) We say that Q represents an element a G K if there exists t £ i^T", t / 0, such that 
Q{t) = a. 

b) Q is called isotropic if it represents £ K. 

c) Q is called anisotropic if it does not represent G K. 

4.16 Definition For a,b £ K* define a 4-dimensional ii'-algebra with basis 1,61,62,63 
by the following multiplication table: 

6162 = 63, 6261 = —6261, e\ = a ■ 1 = a, 62 = 6-1 = 6 

where 1 denotes the unit element which is sometimes also denoted by 60. The elements 
of this algebra are linear combinations 

0060 + 0161 + 0262 + 0363, Ui^K. 

This algebra is associative. It is denoted by (o, 6) = (a, 6)x and is called a quaternion 
algebra over K . There is a canonical involution 

3 3 
: (a, 6) ^ (a, 6), x = x^cq + x*6i 1— > x := x^eo — rcVj 

i=l i=l 

which is the quaternion analogue of complex conjugation. The quadratic form 

N : {a,b) ^ K, x ^ xx = xx 

is called the norm form of the quaternion algebra. There is the following isomorphism of 
quadratic spaces: 

(^(a,6),iv) ^ (l,-a,-6,a6). 

4.17 Proposition Let Kp he a p-adic field. 

a) Every form of dimension > 5 is isotropic. 

b) Up to isometry there exists exactly one anisotropic 4:- dimensional form, namely the 
norm form of the non-split quaternion algebra. Using Proposition U Hl this norm 
form can be written as (1, — e, — vr, evr) . 

Therefore quadratic forms can be classified by dimension, determinant and Hasse-Minkowski 
symbol s{ai, ...,an) ■= Hio- s{ai,aj). 
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PROOF [Schar], Chap. 6, Thm. 4.2 



□ 



4.18 Hasse-Minkowski theorem (Local-global principle for quadratic forms.) Let K 
he a global field of characteristic ^ 2 and let Q be a n-dimensional quadratic form over 
K . Then Q is isotropic if and only if Q is isotropic over all completions Kp with p 
non-archimedean or real. 



4.19 Proposition Letp be a prime number, let n> 1, letd e Q*/ Q*^ and lete G {±1}- 
In order that there exists a quadratic form Q of rank n such that: 

• det{Q) = d and 



it is necessary and sufficient that one of the following conditions is fulfilled: 
(i) n = 1 and e = 1 
(a) n = 2 and £ = 1 
(Hi) n = 2 and d ^ —1 
(iv) n > 3. 

PROOF [Serrel], Chap. IV, Prop. 6 □ 

4.3. The metric tensor 

In Riemannian geometry the metric tensor is a smooth family of scalar products. For 
each point there is one scalar product, i.e. a non-degenerate, positive-definite symmetric 
bilinear- form living in the tangent space at the point. We would like to provide this 
notion in algebraic geometry, too. 

As usual let us consider a smooth scheme X over a Dedekind scheme S. Let uj G 
f2^y,j(X) be a global differential form and let {Uiji^i an affine open covering of X. 
Consider the Ox (^^i)- algebra homomorphisms 



where "Sym" denotes the associated symmetric algebra. This algebra homomorphism 
corresponds to a X-morphism 



PROOF [Schar], Chap. 6, Main Theorem 4.2 



□ 



• s{Q) = e 



T ^ a;|[/. 
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because by Definition 111.161 and Definition 111.241 one has got 

Tu,/s = ^i^h./s) = Spec (Symo^i^u,) {^x/si^i. 

Tjjjg is called the algebraic geometric tangent bundle, whose basic properties are sum- 
marized in chapter [TT] of this thesis. As u; is a global section of ^x/s morphisms 
glue to a X-morphism 

^ : Tx/s ^x 

which we also denote by uj with some abuse of notation. Vice versa each such morphism 
oj : Tx/s ~^ gives rise to a global section u: of f^^/s- This global section is the image 

of the variable T under the associated algebra homomorphism Oxi?"] — > Sym^^ ip^x/s) • 
Thus each global differential form uj G ^an be interpreted as a X-morphism uj : 

Analogously we can perform with global sections uj G Writing 
uj= ^ uji^® . . .®uoi^, iOi^ £ Q.\/g{X) 

l<il,...,in<m 

as a sum of elementary tensors, then uj corresponds to the "multi-linear" morphism 

- Tx/s XX ■■■ XxTx/S ^ ^X, (tl,...,tn)^ X] UJi^{tl) ■ . . . ■ UJi^itn). 

l<ji,...,i„<m 

More precisely this morphism is obtained as follows. By what we have already seen, each 
uji- € Q,x/s{X) can be interpreted as a X-morphism uji. : Tx/s ~^ ^\c- Thus uj gives rise 
to a canonical morphism 



Tx/s XX • • • XX Tx/s ^ (A^ XX ... XX A^) 



1 \<i)m 



n-times 



where both fibre products consist of n factors. Composing first with the n-fold multipli- 
cation morphism 

/a1 a in®™ mult. /AlNffi"^ 

(Ajf XX... xxAj^) -(Ajf) 

and then summing up the m factors 

{A}xf-^A}x 



we finally get the X-morphism uj as the composition of these three canonical morphisms. 
The multi-linear character of this morphism is illustrated in more detail in the beginning 
of section 111.31 
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Let us now assume that is free Ox-niodule. For example, this is the case if X 

is an S-group scheme and if 5 is in addition the spectrum of a principal ideal domain 
(let us remark that this will be the case in physical applications). Then choose a base 
(u;^, . . . , w") of where n is the relative dimension of X over S. In order to 

construct a metric we consider an element 

l<j j'<ra 

By what we have seen above g corresponds to a "bilinear" X-morphism 

3 '■ Tx/s xx Tx/s ■ 

More precisely bilinear means the following. Let a : X' ^ Tx/s be a X-morphism. Due 
to the universal property of the fibre product there is a canonical bijection 

mrax{X\Tx/s xx Tx/s) = Homx(X', T^/s) x Homx(X', T^/s). 

Thus g induces a canonical map 

g{a) : Homx(X', T^/^) x Homx(X', T^/s) ^ ^omx{X' ,k\). 

This map is bilinear. Let us make this more transparent by looking at generic fibres. 

Physical interpretation: Let X ^ be smooth of relative dimension n. Let 5 be a 
Dedekind scheme with field of fractions K. Let g : Tx/s Xx Tx/s ~^ be as above. 
Performing a base change with the canonical inclusion SpecK ^ 5 we arrive at the 
archimedean component of g which is given by the X^^'-morphism 

9K ■■ {Tx/s K) xx^ {Tx/s K) ^ A^^^ . 
Recalling the properties of fibre bundles we know that 

Tx/s ®sK = N{^\/s) XX Xk = H^k^x/s) = ^^x^/k) = Tx,/k 

where zk '■ Xk ^ X is the canonical inclusion. Thereby, the first and last equality is by 
definition, the second one is due to Proposition 111.181 and the third equality is due to 
Proposition 11.61 Thus we can write gK in the more transparent way 

9K ■■ Txii/K XXk Txk/k ^]cii ■ 

Let us evaluate this morphism at L-valued points, where the field L is a separable ex- 
tension of K. Because of A\ (L) = (A^ XzXk){L) = L x Xk{L) we have got 



Tx^/k{L) X Tx^/k{L) '^^''^ L X Xk{L) 




Xk{L) 
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where pi and p2 are the projections onto the respective factor. Anticipating the notions 
and statements immediately following Remark 111.251 we obtain 

Tx^/k{L)= U Tx,/k{x)= U Tx,,.= U L". 

xeXK{L) xeXiiiL) xeXK{L) 

If we choose L as a separable algebraic closure K of K, this shows that Txj^/k{K) is ac- 
tually the differential geometric tangent space (i.e. the family of tangent spaces indexed 
by points). There is one tangent space for each physical point. Thus qk^K) is a family 
of bilinear forms; for each physical point there is one bilinear form living on the tangent 
space of this point. More precisely pi o gx{K) is a bilinear form and p2 o qk^K) gives 
the physical point in whose tangent space the bilinear forms lives. 

Later we will consider the above bilinear forms 

g{a) : Homx(X', T^/s) x YLomx{X' ,Tx/s) ^ Homx(X',A^). 

for S'-valued points a G X{S) in order to have the notion of a metric at the "adelic" 
points of X. 

So let us continue to construct the metric. We already saw that the global section 

can be interpreted as a bilinear form. The matrix {§^,1,) is symmetric if and only if the 
corresponding X-morphism (7 : Tx/s '>^xTx/s ^x is symmetric, i.e. g{v,w) = g{w,v). 
In order to say what we mean with a non-degenerated bilinear form, we consider the X- 
functor Tx/s •= Hom ri,. (^2 V/g, Ox) represented by Tx/s- The X-morphism g induces a 
canonical map 

Tx/s {Tx/sY ■= Hom0^(Tx/s, Ox) = f^x/S' g{-,v). 

We say the g is non-degenerate if and only if this map is an isomorphism of X-functors. 
In particular the matrix {gnu) is invertible, i.e. dei{gfj_y) G Ox{X)* li g is non-degenerate. 
We are now prepared to make the 

4.20 Definition Let X — > 5 be smooth of relative dimension n such that ^\/s is a free 
Ox-niodule. Let 

9= 9:3^'(^^' ^^f/si^)^ gijeOxiX). 

l<j j'<n 

where {co^ , . . . ,lo"') is a base of r2^^g(X). Let 

9 '■ Tx/s X X Tx/s ^x ■ 

the associated bilinear X-morphism as constructed above. Then g is called a spin-2 
metric if and only if g is symmetric and non-degenerate; i.e. if and only if: 
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a) The matrix {gfj,u) is symmetric. 

b) The canonical morphism Tx/s — > {'^x/sY is an isomorphism of X-functors. 

In particular det{g^y) G Ox{X)* , i.e. the matrix [g^u) is invertible. We denote the 
inverse matrix of {g^j.^) by {g^^)- 

4.21 Proposition Let S = Speci? he an affine base scheme and let X ^ S be a smooth 
S -scheme of finite type. Then there exists a canonical metric g on X, the so called first 
fundamental form. Locally, this metric looks as follows: 

In the special case X = = Speci2[Ti, . . . , T^], one has got i^^/^ = ©"=i Ox • dTi. 
Then {go)^u '■= diag{±l, . . . ,±1) induces a trivial metric go on X. If j : X ^ A§ is 
a closed S -immersion, we may pull back the trivial metric go via j in order to obtain a 
metric j*g on X . The metric j*g is called the first fundamental form. 

PROOF We may choose a finite open covering (C/j) of X by affine schemes Ui together 
with closed 5-immersions ti : Ui ^ Ag, i.e. Ui = V{Ii) is the zero set of some ideal 
li C R[Ti, . . . ,Tn]. Let gi := L*go be the first fundamental form on Ui (as described 
above). We will show that we may glue the local metrics gi along the intersections 
Uij := Ui C Uj. Due to Lemma [4.221 we know that Uij = Ui x^g Uj as scheme. Let 
Pk ■ Uij Uk, k = i,j, be the canonical projection. Then, p*gi = PiL*go = opi)*go= 
{ij opj)*go = Pj9j- Interpreting gi as section gi E 0^y^(C/j), the equation above may be 
written as gi \utj = gj \Uij ■ Thus, the local metrics gi glue to a global metric g € 
This metric is called the first fundamental form. □ 

4.22 Lemma Let S = Speci? be an affine base scheme, and let X be a closed subset 
o/ Ag. Then there is a unique sheaf of ideals I such that V{Z) realizes X as closed 
sub-scheme o/Ag which is smooth over S. 

PROOF We may assume that X is affine. Let I,JcA:= OAgCAg) be two ideals such 
that V{I) and V{J) define two closed sub-scheme structures on X. As V{I) and V{J) 
coincide as topological spaces, one knows from Hilbert's Nullstellensatz that rad(/) = 
rad(J). Due to smoothness, one has got rad(I) = I. This may be seen as follows: Clearly, 
I C rad(/). Conversely, let / € rad(/) and / G A/I be the residue class of /. There is a 
m S N such that G I, i.e. / =0. Due to smoothness. A/ 1 has no zero-divisors, and 
it follows that already / = 0, i.e. f £ I. All in all, we obtain I = rad(I) = rad( J) = J.D 

4.23 Remark In exactly the same way as in differential geometry, we may furthermore 
define the notion of a covariant derivation. Using as well the metric as the notion of 
the commutator of vector fields (see Definition lll.41|) . it makes also sense to talk about 
torsion free and metric preserving connections. Like in differential geometry, we obtain a 
unique connection which is torsion free and metric preserving, the Levi-Civita connection. 
It may be derived in terms of the metric by means of the Koszul formula. All in all, we 
may introduce the notion of curvature for relative schemes X ^ S. This establishes 
a general relativity for schemes, because we may simply write down the equations of 
general relativity in our algebraic geometric setting. This is done in section 11.21 
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Ricci calculus for schemes. 

Let X ^ S he a scheme of relative dimension n with spin-2 metric g. Then, locally, we 
can perform Ricci calculus in the same manner we are used to from differential geometry. 
For this purpose choose a local base {di, . . . , 5„) of Tx/s ^-nd let (lo^, . . . , u;^) be a local 
base of ^x/g such that both bases are dual to each other. Each local section v of Tx/s, 
i.e. each local vector field can be written uniquely as 

V = ''^^v'^dfj,, with local sections of Ox- 

Let us denote the image of v under the isomorphism Tx/s ~^ {'^x/sY by 
g{ - ,v) = VuLO^, with local sections of Ox- 

On the other hand we have got the explicit description g{-,v) = ^g^v^^^iv) ■ = 
gf^uv'^'^'^- Therefore 

g^j.v" = V/^ 

where over indices which occur twice is summed. Thus indices are lowered with g^i^. Vice 
versa indices are lifted with gf^'^: 

DifTerential forms with values in Lie-algebras 

Let vr : X ^ 5 be a smooth connected S'-scheme which admits global sections (e.g. a 
universe) and let G — ^ S be a smooth iS-group scheme. Let Q = Lie{G/S){S) denote the 
Lie-algebra of G. We know that we can write as well q = (e*Jl^^^)(S'). In gauge theory 
we are interested in differential forms which take values in the Lie-algebra g. This way 
the fields corresponding to the so called gauge-bosons are described. 

The morphism tt : X ^ S gives a morphism of sheaves 7r~^ Os — ^ Ox- By our premise 
TT has sections; in particular faithfully flat. Then, 7r~^ Os = Os ott and Os ^ Ox 
is injective. Evaluating at global sections, we get a monomorphism of rings Os{S) ^ 
OxiX). Let us consider Os{S) and g as a constant sheaves on X, i.e. for all open subsets 
U G X we set: 

OsiS){U) :=Os{S) 
S{U) :=0 

We consider Ox as a Cs('S')-algebra in the following way: For all open subsets U G X 
we set 

Os{S)iU) ^ OxiU), a ^ a\u 

where we consider a as a global section of Ox- Thus we can consider i^x/^ as a Os{S)- 
module. 
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4.24 Definition Let n : X —>■ S be a smooth connected S'-scheme which admits global 
sections (e.g. a universe) and let G — > 5 be a smooth 5-group scheme. Let q be the 
Lie-algebra of G. A Lie-algebra valued differential form is a section of the Ox-niodule 

Regarding Proposition 111.301 we have got 

^X/S ®Os(5) = ^X/S ®Ox (Ox <^Os(S) 0) 

= Hom g^ i'^x/s, Ox) ®Ox (Cx (^03(5) 0) 

= Homox i'^x/s, Ox 'S)os(S) 0) 

Thus elements of ^x^g ^Os{S) can be evaluated at tangent-vectors and the result is 
a Lie-algebra valued function. We would like to give an equivalent characterization of 
global sections of ^x^g ^Os{S) ™ terms of morphisms of schemes as we did above for 
ordinary differential forms, i.e. sections of ^x/g- So let us consider the fibre-bundle 

T'x/s--=^{^x/s®Os(s) 
and let T^^^ be the associated X-functor. In terms of X-functors we can write 



^i/s = EmLox {^x/s ®Os(s) 0, Ox 

= Hom c^ (j^x/S'2o™Ox (Ox ®Os(s) 0) Ox 
= Emiox (^x/s^ (Ox 0)'' 



where we have used again Proposition ! 1 1 .301 Simply by replacing ^x^g through ^x/s'^c>s{S) 
Q in our former calculations, we see that we can identify global sections of ^x/s ®Os(S) 0; 
i.e. elements of Q\^^g{X) i^OsiS) 0; with X-morphisms 

^x/s ^x/s ■ 

Analogously we can perform with more general tensors with values in the Lie-algebra, 
i.e. with global sections lo G Q,'^'Jg{X) 0Os(S) 0- Writing 

oj= J2 ^h^^ ■■■(^^in-i'^i^in'^nj, iOij e nx/g{X), e Q 

l<ii ,...,j„<r7i 

as a sum of elementary tensors, then lo corresponds to the following "multi-linear" mor- 
phism. 

uj : Tx/s XX... XX Tx/s xxT^x/s ^ 

V ' 

(n — l)-times 
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4.25 Remark Let K be local field of characteristic zero. Let Xk be a scheme which is 
locally of finite type over K. If K denotes an algebraic closure of K, the set Xk{K) may 
be endowed with an analytic structure. In the case K = C, we may consider Xk{K) as 
complex analytic space, and in the p-adic case K = Cp we obtain a rigid analytic space. 

In some analytic theories, the metric is introduced as a powerful notion which contains 
further geometric information. This is the motivation to introduce this notion on the 
algebraic level, too (as presented in section 1431) . If Xk is in addition smooth over K 
(or more generally reduced), we know from Proposition 14.211 that there exists a metric 
on Xk, the first fundamental form. So, let us assume that there is a metric qk '■ 
Txk '^Xk ~^ ^Xk Then we consider the following category: The objects 

are pairs [Xk^Qk) and a morphism (Ixj^x) {Xk-,9k) is defined as a morphism 
/x : Xk of schemes such that Hk = Ik 9k- This category might be called the 

category of Riemannian schemes over K (of course, the same definition makes sense if 
we replace K by an arbitrary base scheme). We may consider the category of smooth 
schemes (or reduced schemes which are locally of finite type) as a full subcategory of 
Riemannian schemes by endowing the respective scheme with the first fundamental form 
as metric. 

Let us now evaluate Riemannian schemes {Xk^Qk) at i^'- valued points and study the 
analytic objects that we obtain this way. In order to do this, we assume that Xk is 
smooth. As mentioned above, the evaluation at K-valued points of a scheme Xk yields 
a set which is the zero set of some polynomials, and which may be endowed with the 
structure of an analytic space. But if we start from Riemannian schemes instead, it is 
possible that the resulting analytic object describes the zero set of functions which are 
not necessarily algebraic but may be transcendent. 

4.26 Example Let K = ^ and Xk ■= with coordinates (t, r). With respect to 

p'{r)'^ ) '^^^ 

where p{r) is a polynomial in r, and p'{r) := denotes the first partial derivative 

of p{r) with respect to r. Evaluation of the Riemannian scheme (XkjQk) at K-valued 
points yields a complex analytic space, whose iC-valued points constitute the Riemannian 
manifold M = (M^,^^,^) with (7^1, = diag(p(r)^, (?(r)^). We claim that M is isomorphic 
(in the category of Riemannian manifolds) to a zero set of non-algebraic, transcendent 
functions. In order to prove this consider an embedding 

(/) : ^ M^, {t,r) ^ {t,r,(pript,^Pr^t) 

where ipr,ft,ipt £ C°°(M) will be chosen later. Thereby, ipr only depends on r, and 
G C°°(M) only depend on t. We want to choose yPr,ft and ipt in such a way that 
i;^(M^) endowed with the first fundamental form is isomorphic to M. If we introduce the 
abbreviations ipt = ^ and 93^ = we obtain the following basis- vectors dt, dr of the 
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tangent space of 



dt 



\ 



1 





and dr 



( \ 
1 



Choosing the trivial metric diag(l, 1, 1, 1) in and providing 
damental form, we obtain the following differential equations. 



P 


/2 

P 



9tt = fU'ft+'^'t) 

gtr = ^rf'ri^m + Ipttpt) 
9rr = (p'l{(Pt + i^t) 



with the first fun- 



One easily checks that cpr ■= p{r), (ft '■= sin(t) and -0* := cos(t) is a solution of these 
equations. Thus, if {t,r,y,z) are the variables of M^, we see that we may realize M = 
(/^(R^) as zero set in of the C°°-functions y — p{r) sin(t) and z — p{r) cos(i). However, 
these functions are manifestly not algebraic. 



Some background material from algebraic number theory 

We already introduced the notion of a valuation of an algebraic number field in Definition 
14.111 Important is the following result. 

4.27 Lemma Let K ^ L be an algebraic extension of fields. Let v be a valuation on 
K , and let w be a valuation on L which extends v. Then there exists a K -embedding 
T : L ^ Ky such that 

yj = V O T, 

where v is the canonical continuation of v to an algebraic closure Ky of the completion 
Ky of K with respect to v. Furthermore, if L^ denotes the completion of L with respect 
to w, one has got 

Lyj = LKy. 

PROOF The first statement is [Neu], Chap. II, Fortsetzungssatz 8.1. Therefore, it remains 
to prove the equality L^ = LKy. As a finite extension of a complete field is complete 
again (see [Neu], Chap. II, Thm. 4.8), the finite field extension LKy C Lyj of Ky is 
complete with respect to w. On the other hand L C LKy, and thus LKy must already 
coincide with the completion Ly, of L with respect to it;. □ 

Let us recall that a prime spot p of an algebraic number field K is an equivalence class 
of valuations of K . The non-archimedean equivalence classes are called finite primes, the 
archimedean ones are called infinite primes. We write p f cxd (resp. p | oo) if p is finite 
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(resp. infinite). In the case p f oo, we write p | p if the residue field k(p) corresponding 
to p, is of characteristic p. Recall that 

k(p) := Op/ trip, 

where Op := {a £ K \ p{a) > 0} and where rrip C Op is the maximal ideal. In analogy to 
the case of finite prime spots exposed in Lemma 14.271 the infinite prime spots are given 
by embeddings t : K ^ C An infinite prime spot p is called real or complex depending 
on whether the completion Kp is isomorphic to M or C, and we define 

k{p) := Kp. 

We may associate to each prime spot p of K & canonical homomorphism 

Vp:K*^R. 

If p is finite, we define Vp to be the normed p-adic valuation on K given by Vp{K*) = Z. 
If p is infinite, we define Vp{a) := — log |ra|, where r : i^T — > C is the embedding defining 
P- 

4.28 Definition If L/K is a finite extension of K, let us denote the prime spots of L 
with *p. We will write *P | p if the restriction of ^ to K gives p. In this situation we 
define: 

a) the ramification index espjp and the inertia index /(p|p by: 




fp 




b) the absolute norm 01 by: 




where e = J2n -'^Z"'' Euler's number. 



c) the p-adic norm | • |p : -fC 



M by: 








2 
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4.29 Proposition For arbitrary prime spots ^ | p the following identities hold: 

v^{a) = eq3|pVp(a) for a e K*, 

{^H\K,ia)^ = f^lpv^ia) for a e L*, 

|a|<p = |iVL^|E'p(a)|p foraeL*. 

PROOF [Neu], Chap. Ill, Satz 1.2 □ 

4.30 Proposition Let K he an algebraic number field. For all a G K* there are only 
finitely many prime spots p such that \a\p ^ 1. Furthermore, 

p 

PROOF [Neu], Chap. Ill, Satz 1.3 □ 

4.4. Metrical fields of higher spin 

In general relativity gravity is described by a field of spin 2. In this section we will argue 
that in principle it is mathematically possible that there also exists a metrical field of 
spin-3. The resulting model is then at least ten dimensional. The global results of this 
thesis are formulated in a language which leaves open the possibility to work with pure 
spin-2 gravity or with a combined spin-2 and spin-3 metrical field. Nevertheless, those 
parts of this thesis which contain computations in local coordinates will work with pure 
spin-2 gravity only. Therefore, this section is thought as a brief prospect for metrical 
fields with higher spin and will not be that detailed as the exposition concerning spin-2 
gravity in section W/\\ 

Let us consider a model of type (GR) {X S, g) of relative dimension n. In the 
preceding section 14.11 we assumed that gravity is describable by a spin-2 metric 

9 '■ Tx/s xx Tx/s ^x 

(see Definition I4.20|) . If (w^, ... ,0;") is a local base of ^x/g, then g corresponds to a 
non-degenerate symmetric bilinear form 

9= Yl 9i.uOJ^®oj^ enfi^{X), g^ueOxiX). 

l<fi,u<n 
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and is thus given by a matrix (g^u)- This definition is motivated by our intuitive experi- 
ence that e.g. the length of vector x = {xi, . . . , Xn) £ should be measured using the 
theorem of Pythagoras in order to get a "physically sensible" result: 



n 
i=l 

But in principle one could also interpret 

\\x\\r := ^^^i^ with r G M, < r < oo, 

as a length of the vector x as this metric yields the same topology on M". As we would 
interpret the index r as the spin of an corresponding gauge boson, we are reduced to 
values r € {2, 3, 4, . . .} C N. We have to exclude r = 1 as we want to relate gravity with 
curvature. The general form of a the metric in M" would then be written as a symmetric 
form of homogeneous degree r. 

\\x\\r-= X] 9iJ.i...iJ.r-Xn:,...Xij,^ with r G {2,3,4, ...}. 

/il,...,/ir 

In our setting the spin-r field would be given by a symmetric rank r tensor 5^^^...^^ or 
more precisely by a morphism 

g ■ Tx/s XX---XX Tx/s ^x ■ 

^ ' 

r-times 

Locally this could then be written as 

l<IXl,...,IJ.r<n 

As the tensor product is associative and commutative for symmetric tensors, we can 
decompose gj^^..^^ into a tensor-product of symmetric tensors of smaller rank, e.g.: 

9'/ii.../ii.../ir ~ 9tJ.i...tJ.i ^ gtii+i-.-fir- 
According to this decomposition we would interpret the "spin-r field" as some kind of 
overlap of a "spin-i field" gfj.^...^ and a "spin-(r — i) field" g^^^...^^. As r is restricted to 
values r G {2, 3, 4, . . .} C N we see that the "spin-2 field" 5^,^ and the "spin-3 field" g,xv\ 
are the only fields which are indecomposable in this sense. They are irreducible in this 
regard. Therefore only g^i, and (/^jj/a can be interpreted as elementary particles. 

This means that next to the massless spin-2 graviton g^y of general relativity there 
could also exist a spin-3 field g^vX- Due to the principles of quantum field theory, this 
should be an repulsive force which is limited to small distances if we provide it with 
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a big mass. In the same way as in the case of the pure spin-2 gravity of the previous 
section H?T1 let us now analyze the effects of a metrical spin-3 field on the dimensionality 
of space-time. As we will only work with the spin-2 graviton in the section on gauge 
theory, we will do this very shortly and not that detailed as in the spin-2 case. 

The number-theoretic background for the analysis of a spin-3 field is the theory of 
cubic forms. Of course the cubic form g^i,x describing the potential of the spin-3 field 
should be non-singular. But then there is a central result due to D.R. Heath-Brown: 

4.31 Proposition a) Every non-singular cubic form over the rational numbers in at 
least 10 variables represents zero. 

b) There exist non-singular cubic forms over the rational numbers in 9 variables that 
do not represent zero. 

PROOF For item a) see [Hea], and for item h) see [Mor]. □ 

By similar arguments as given in the previous section 14.11 on pure spin-2 gravity, this 
implies: 

4.32 Corollary Let X ^ S be smooth of relative dimension n. If there is a spin-3 field 
then n > 10. 



5. Discreteness of geometry and 
quantization of gauge fields 



Let {X — > S,g) be a model of type (SR) (see Definition I0.7p . The classical choice for the 
base is S" = SpecC. In this case, X{S) may be considered as a manifold, and the points 
of X{S) form a continuum. However, as we represent the adelic point of view, we make 
a different choice which also takes into consideration the finite prime spots. Therefore, 
from now on, let i^' C M be an algebraic number field with ring of integral numbers OK^ 
and let S = Spec Ox- Recall that Xk{K) denotes the archimedean component of X{S) 
(with Xk being the generic fibre oi X ^ S). 

Within this chapter, we will finally illustrate that X{S) indeed carries a discrete ge- 
ometry in the "adelic" case S = Spec Ox (in contrast to the situation over the real or 
complex numbers). Because of the canonical bijection Xk{K) = X{S), the same is true 
for the archimedean component Xk{K). More precisely, both Xk{K) and X{S) are 
finitely generated abelian groups. If the rank of these groups is zero, they are actually 
finite groups. 

In particular, gauge fiels on Xj^iK) may be treated by means of the methods of lattice 
gauge theory. This is particularly interesting, because lattice gauge theory offers the 
possibility to perform a non-perturbative, well-defined quantization of gauge fields. 

5.1. The discrete geometry of the arithmetic models 

Prom now on let us consider a smooth, separated K-scheme Xk of relative dimension 
n over an algebraic number field K. Let us assume that Xk gives rise to a model of 
type (SR) {X S,g) (see Definition 10. 7p . In this section, we will study the archimedean 
component Xk{K) of X. At first, we will illustrate that Xk{K) indeed carries a discrete 
structure. The argument is as follows. Due to Theorem 13.121 Xk is an extension of an 
Abelian variety Ak by a torus Tk- Following the ideas of chapter [U we interpret the 
torus as the gauge group part and Ak as the space-time part of Xk- As we are interested 
in the structure of space-time, we will therefore assume that Xk is an Abelian variety. 
Therefore, the Mordell-Weil theorem 15.11 tells us that the archimedean limit Xk{K) of 
X{S) is indeed finitely generated abelian group. Because of the bijection Xk{K) = X(S), 
the same is true for the "adelic" world X{S). 

5.1 Theorem Let K he an algebraic number field and let Ak be an algebraic variety 
over K. Then the set Ak{K) of K -valued points of Ak is a finitely generated abelian 
group. 
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As usually we will let Z denote the additive group of integers, and we will let denote 
the cyclic group Z/mZ of integers mod m. Then the fundamental theorem of finitely 
generated abelian groups tells us that Xk{K) looks like 



for some prime numbers pi G N and integers d, s, Ui G N. As we are interested in a physical 
theory which is completely free of infinities, it is appealing to demand that d = 0, because 
in this special case, Xk[K) = X{S) is actually a finite group. Consequently, there are 
only finitely many space-time points. 

In order to exploit some more physical properties of Xk{K), let us assume that X := 
Eq X5 . . . xs En is the fibred product of n smooth elliptic curves Ei over S endowed 
with the first fundamental form g. We know from Theorem 12.91 that {X — > 5, g) is a 
model of type (SR). In the case d > 0, the set Xk{K) is already dense in the continuum 
Xx(M). If d = 0, Xk{K) is a group of finite order. In the special case K = Q, the 
Nagell-Lutz theorem tells us that the coordinates of the points of X(q(Q) are actually 
integers. Therefore the generator £ := 1 e Ok of the group Ok = Z appears as smallest 
possible length (Planck length) as one should expect. 

Next to the existence of a discrete geometry, {X S, g) sometimes has the interesting 
property to consists of only finitely many points. We already met this phenomenon in 
the case that Xk is the product of elliptic curves. Therefore, let us next assume that 
Xk decomposes into a fibred product 



of one-dimensional projective, smooth curves C]^ , i = l,...,n. For example, in the 

case n = 4, think of as time coordinate and think of cj^\ cj^"* and c]^^ as space 
coordinates. First notice that the genus of the curves cannot be smaller than 1. This 
may be seen as follows: Assume that the genus of a curve C)^ is smaller than one for 
some i. However, C]^ is present on the level of archimedean space-time if and only if 
it contains a non- virtual point, i.e. if and only if C^^ {K) / 0. Then Proposition 15.31 

ii) 1 

implies that C)^ is already the one-dimensional projective space over K. Thereby, 
we also made use of the fact that the arithmetic and the geometric genus of the curve 
Cj^ agree: 

5.2 Remark Let C be a smooth, geometrically connected, projective curve over a field 
k. Let us remind the reader that 



Ps 



Xk = C''' xk...xkC] 



K 



Pa{C) ■.= dimkH' iCOc) 



is called the arithmetic genus, and that 




'C/k 



1 



) 



is called the geometric genus of C. Then one can prove that Pa{C) = pg{C). 
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PROOF [Liu], Rem. 7.3.28 □ 

5.3 Proposition Let C be a geometrically integral projective curve over a field k of 
arithmetic genus Pa 1^ 0. Then we have the following properties: 

a) The curve C is a smooth conic over k, i.e. C is smooth over k and there exists a 
homogeneous polynomial of degree 2 such that C = C P|. 

h) We have C^fI if and only if C{k) 0. 

PROOF [Liu], Prop. 7.4.1 □ 

But the projective spaces P^, r G N, cannot be the archimedean component of a model 
of type (GR), because not every K-automorphism of P^c extends to an 5-automorphism 
of P^. For instance consider the following counterexample: 

5.4 Example Let i? be a discrete valuation ring with field of fractions K. Consider a 
-fC-automorphism uk '■ P/^- P/^-- Using a set of homogeneous coordinates xq,. . . ,Xr of 
P^, we can describe uk by 

r 

Xi I > ^ ^ ttij Xj , i — , . . . , r, 

j=0 

where A := (aij) is a matrix in Glr+i{K). We may assume that all coefficients aij belong 
to R. Then, by the theory of elementary divisors, there are matrices S,T £ Glr+i{K) 
and integers < no < • ■ • < such that SAT is the diagonal matrix diag(7r"o, . . . , vr""'). 
Hence there exist sets of homogenous coordinates xq, . . . ,Xr and x'q, . . . ,x'j. of P'Jj, such 
that Uk is described by 

Xi ^ vr^^x-, 

where we may assume no = 0. 

If no = . . . = n^ = 0, it is clear that uk '■ P/^- — *■ extends to an automorphism 
u : P^ P^j. However, if no = • • • = n^ = and n^+i, . . . ,nr > for some s < r, 
then Uk extends only to an i?-rational map u : P^ --■> P^. Namely, u is defined on the 
-R-dense open subscheme V C PJj which consists of the generic fibre and of the open part 
Vk C P^ complementary to the linear subspace Qk where xq, ■ ■ ■ ,Xs vanish. In fact, if 
Q'j^ is the linear subspace in P^ where . . . vanish, we can view u^ as projection 
of P^ to Q'j^ with center Qk. 

Therefore the projective spaces P^, r G N, cannot occur. This refiects the fact that 
models of type (GR) cannot be fiat spaces with trivial topology, and may be regarded 
as projective version of the fact that e.g. Neron models cannot contain affine spaces 
(Proposition I3.6|l . 

(i) 

Therefore, the genus of the curves Cj^ is bigger than zero. This is the case of a non- 
trivial vacuum topology. In the case of genus bigger than one, we may finally evoke 
Falting's theorem: 
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5.5 Faltings's theorem Any non-singular projective curve of genus g > 1 defined over 
an algebraic number field K contains only finitely many K-valued points. 

All in all, in the case of curves C)^ of genus bigger than one, we see that 



is a finite set. Only in the case of genus one, it is still possible that Xk{K) contains 
infinitely many points. However, we have furthermore proved the following result. 

5.6 Non-trivial vacuum structure. Let us assume that the archimedean limit Xk de- 
composes into a product 



of one- dimensional projective, smooth curves , i = 1, . . . ,n. Then the genus of the 
curves is strictly bigger than zero, i.e. Xk carries a non-trivial topology. Due to Corollary 
\2.^ the curvature tensor of Xk vanishes. Therefore, Xk is a vacuum which carries a 
non-trivial topology. 

The next step is the incorporation of gauge fields. 

5.2. Lattice gauge theory in the arithmetic setting 

In the regime of high energy physics, gravity may be neglected. Therefore, one usually 
chooses Minkowski space M" as space-time manifold and considers gauge fields upon M". 
In a next step one has to quantize these gauge field. Essentially, there are two different 
approaches. First, there is a perturbative approach based on Feynman diagrams. Second, 
there is the non-perturbative approach of lattice gauge theory. The first one is manifestly 
Lorentz-invariant, but in order to quantize the gauge fields (e.g. by means of the Fadeev- 
Popov method) one has to make a gauge fixing. This breaks the gauge invariance and 
one has to make sure that physical entities are independent from the chosen gauge. In 
contrast to this, lattice gauge theory conserves gauge invariance. But one replaces the 
continuum of Minkowski space by a lattice, and this way Lorentz invariance is broken. 

However, Minkowski space-time is not the only solution of Einstein's field equations 
of general relativity which describes an empty, static universe. Every direct product of 
one dimensional manifolds is as well a vacuum solution, because the curvature tensor 
vanishes globally. Nevertheless the different vacua will in general differ with respect 
to their topological structure. While Minkowski space-time is the product of curves of 
genus zero (and therefore of trivial vacuum structure), it is as well admissible to consider 
a product of curves of higher genus. In the case of genus one, we obtain a product of 
elliptic curves. 

In this section we will illustrate that a space-time manifold consisting of a product of 
elliptic curves (or more generally an Abelian variety) possesses a canonical "lattice" which 



Xk{K) = C)i,\K) 



Xk = Cl3^ Xk ■■■XkC] 



K 
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is even invariant under algebraic diffeomorphisms (see Definition 15.71 b)). Therefore, in 
this case, lattice gauge theory offers a possibility to quantize gauge field in such a way 
that neither gauge invariance nor space-time symmetries are broken. 

Prom now on, we will provide as well the flat space as the afhne space with the 
euclidean metric diag(l, . . . , 1), i.e. instead of working with the hyperbolic Minkowski 
space-time we will consider an euclidean space-time . This is usually done in lattice 
gauge theory. Therefore, from now on, all manifolds will be considered as Riemannian 
manifolds. 



5.7 Definition a) Let M be a differentiable manifold and i : T ^ M & subset {i 
denotes the canonical inclusion). Let D be a set of diffeomorphisms of M. Then 
r is called invariant under D if the following holds: For every (f G D there is a 
bijection ip\r : F — > F of sets such that the following diagram is commutative. 




b) Let ii' C M be an algebraic number field and let Xk be a smooth K-scheme. 
Let i : T ^ Xk{^) be a subset (i denotes the canonical inclusion). Then F is 
called K -isomorphism invariant if the following holds: For every X-isomorphism 
if : Xk — >■ Xk there is a bijection (/?(M)|r : F — > F of sets such that the following 
diagram is commutative. 



^F 



XK{R)^XKiR) 



Thereby, (/^(M) : Xk{^) Xk{^) denotes the morphism which is obtained by 
evaluation of if at M-valued points. 



Due to the smoothness of Xk over K, we may endow Xk(M) with the structure of 
a differentiable manifold. Thus, if F is a K-isomorphism invariant subset, then it is 
invariant under the set of diffeomorphisms <^(M) : Xk{^) X/<(M) of Xk{^) which are 
induced by isomorphisms ip : Xk — > Xk of schemes. 

In the special case of the flat space-time M" we may consider the set of Lorentz- 
transformations. A Lorentz-transformation is linear diffeomorphism which describes a 
rotation in M". Each Lorentz-tranformation may be written as a finite product of matrices 
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of the following type. 



1 











1 








cos(6l) 
- sm{e) 













sm{e) 
cos{9) 


















1 











1 



v 



Let D^or denote the set of all Lorentz-transformations. A subset T C M*^ is called Lorentz 
invariant if it is invariant under Dior in the sense of Definition 15. 71 a). However, whereas 
the notion of Lorentz invariance is especially adapted to M", the notion of /C-isomorphism 
invariance applies to every scheme Xk over K. But in the special case of M" one can 
show that X-isomorphism invariance already implies Lorentz-invariance for a quite big 
class of sets T (see Proposition 15. 8|) . Therefore, in the setting of non-trivial manifolds 
Xx(M) 7^ M", where the notion of Lorentz-invariance does in general not make sense, it 
is natural to look for /C-isomorphism invariant structures. 

5.8 Proposition Let Xk = and consider Xk{^) — K"" as flat manifold in a canoni- 
cal way. Let T C X/^(M) be a closed or an open subset. IfT is K -isomorphism invariant, 
it is Lorentz-invariant, too. 

PROOF Let us first assume that F C Xi^(R) is a closed subset. Choose x G T. As every 
Lorentz transformation may be written as a finite product of matrices Lg, it suffices to 
show, that Lg{x) G V for all the Lorentz transformations of type Lq. Thus it remains to 
show that inf-ygr \Le{x) — 7I = 0, because T C Xk{^) is a closed subset. Thereby, | • | 
denotes the canonical norm on M". 

In order to prove this consider the sphere of radius one 5"^ C M^. For every z € 5^ 
there is a G [0,27r] such that z = (cos(^), sin(0)) G M^. By Lemma [5^ we know that 
the set of K- valued points of 5"^ is dense in (with respect to the canonical topology 
on S"^). Consequently, we may choose a point Ze = (cos(0e), sin(6'e)) G such that 
I cos(0) — cos(0£)| < e and | sin(0) — sin(0e)| < e for every e > 0. In particular. 



But each Lorentz transformations Lq^ is induced by a /C-isomorphisms of Xk, because 
the matrix Lq^ has only entries in K. Thus Lg^{x) G F due to our assumption, and it 
follows that inf^gr \ L9ix) — 7I = 0. 

Let us now assume that F C XkILC) is open. Then the complement F*^ := XKiK)\T of 
F in Xk{K) is a closed subset. Let us first show that F'^ is /C-isomorphism invariant. In 
order to do this, assume that there is a ii'-isomorphism f : Xk Xk and a y G F'^ such 
that X := if{y) G F. But then ip~^{x) = y ^ T which contradicts the i^-isomorphism 



Lg{x) - Lg^{x)\ < V2e\x\ for all e > 0. 
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invariance of F. Consequently, is even Lorentz invariant by what we have already 
shown. Let us now prove the Lorentz-invariance of T. For this purpose choose a point 
X E F and assume that y := Lq{x) ^ F for some Lorentz transformation Lq. Therefore, 
the Lorentz transformation L_e = Lq"^ maps y G F'^ to x € F. This contradicts the 
Lorentz-invariance of F'^. Consequently, F is Lorentz invariant. □ 

5.9 Lemma Let K C be an algebraic number field. Let := {{x,y) E + 
= 1} C be the sphere of radius one endowed with its canonical topology. Let 

S^{K) := {{x,y) G K^\x^ + = 1} c be the set of K -valued points of . Then 
S^{K) is a dense subset of . 

PROOF First notice that for any t e K 

Identifying with the complex numbers C in a canonical way, we may write zt = e*"^* 
for some angle iff If we let t — > 0, we see that there are points zt £ S^{K) with arbitrary 
small, but non- vanishing angle / 0. 

Let now z = e*"^ G 5^ and e > 0. By what we have seen, there is an m G N and a 
point Zt = e**^* G S^{K) such that \ip — rrnpt\ < e (simply choose ipt sufficiently small). 
But e*™''^* G S^{K), because e*"**^* = (e**^*)"^. Therefore we are done because e > is 
arbitrary. □ 

However, in our "adelic" approach to physics, space-time is given by the set Xk{K) of 
ii'- valued points of a K-scheme Xk. As motivated above, one should expect for physical 
reasons that Xk{K) is K-isomorphism invariant. This is indeed always true: 

5.10 Proposition Let K cM. be an algebraic number field, and let Xk be a K-scheme. 
Then Xk{K) C Xk(^) is K -isomorphism invariant (see Definition \5. 71 b)). 

PROOF Let be the category of i^'-schemes. Each object X G gives rise to its functor 
of points hx ■ ^ {Sets) which associates to any T G £ the set hx{T) := X{T) := 
Hom(T, X) of T- valued points of X. Each morphism X ^ X' in ^ induces a morphism 
hx — > hx' of functors by the composition of morphisms in <t. In this way one gets a 
covariant functor 

/ : (J: ^ Hom (Sets)) 

of € to the category of covariant functors from (the dual of (t) to the category of sets 
which (by Proposition 1 1 1 .43"]) defines ^ as full subcategory of Hom(£'^,(Sets)). 

In particular, each ii'-isomorphism (f : Xk — > Xk gives rise to a natural transformation 
f{ip) : hxK ~^ hxK- The latter means that for all K-morphisms T ^ T' there is a 
commutative diagram 

Xk{T')-^Xk{T') 



Xk{T)—^Xk{T) 
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whereby the horizontal maps are isomorphisms. If we consider the special case of the 
canonical /C-morphism SpecM SpecK corresponding to the inclusion ii' C M, we 
obtain the commutative diagram 

Xk{K)—^Xk{K). 

i i 

Thereby i : Xk{K) ^ Xk(^) denotes the canonical inclusion. This means exactly that 
Xk{K) is K-isomorphism invariant. □ 

5.11 Remark a) Consider the affine space Xk = A^. In quantum field theory, 
one usually chooses A^(M)" = M" as underlying space-time manifold. As already 
mentioned the lattices F = Z" C M" are obviously not Lorentz-invariant. In par- 
ticular, we know from Proposition 15.81 that they are not X-isomorphism invariant. 
Conversely, the canonical /C-isomorphism invariant set K^{K) is neither a finitely 
generated abelian group nor a lattice, because K\{K) = is a dense subset of 

b) Let us now consider a product Xk = E^^^ xr ■ ■ ■ E^x^ of elliptic curves over K. 
Like Minkowski space-time , also Xi^(M) = E^^\r) x . . . x E^^\r) is a solution of 
Einstein's equations which describes a vacuum without gravity. But this time we 
know from Theorem 15.11 that Xk{K) is a finitely generated abelian group. If the 
rank of this group is zero, Xk{K) is a discrete set. Furthermore, the set Xk{K) 
is X-isomorphism invariant. 

All in all, it makes sense to interpret the set Xk[K) as vacuum (as it is suggested 
from the adelic point of view anyway). Gauge fields may be quantized in a non- 
perturbative way by means of lattice gauge theory. 

c) If there is an Abelian variety Ak over K , which is solution of the Einstein equations, 
the statements of b) remain essentially true. The only difference is that gravity 
need not be trivial, i.e., in general Ak{K) is not a vacuum. 

Let us from now on consider the Abelian variety Xk '■= E^^^ Xk . . . Xk E^^^ defined as a 
product of smooth elliptic curves over K. Let us consider the /C-isomorphism invariant 
set Xk{K) C Xii-(M) as vacuum. If Xk{K) is a group of rank zero, it is a discrete 
set. In the continuum, gauge fields are solutions of the continuum Yang-Mills equations. 
In the lattice formulation, the respective expressions are obtained from the continuum 
Yang-Mills theory by replacing the infinitesimal differential operators by finite difference 
operators. There is a canonical way to introduce difference operators: Each elliptic curve 
e'^^ induces a one dimensional Riemannian manifold M* = E^^iR) (if we forget the 
point at infinity). For each manifold M* we may choose an embedding 7* : M — > M^. The 
corresponding first fundamental form on M* induces a Levi-Civita connection, and we 
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may perform parallel transports of tangent vectors along 7'. If denotes the tangent 

space of M* at 7*(t), the parallel transport from -^y(t) to M^i^^^ is usually denoted by 
rl^f. Then the covariant derivation in the continuum may be written as 



V(y)'(t)t) =lim ^ (rlt^h^it + h)- t)(t)) . 



The set E^^{K) is a finite, discrete subgroup of the continuum E^^ (M). Consequently, 
there is a finite set {ti, . . . ,tm} of real numbers tj < tj+i G M whose image under 7' 
is E^^{K). At the i^T- valued point 7*(tj) G E^^{K), we may therefore introduce the 
following discrete notions. 

a) (Vi/)(t,) := - f{tj)) for all functions /. 

b) (Vi/)(i,) := ^pi-^ [f{tj) - f{tj.,)) for all functions /. 

c) iVit>){tj) := j-^^ - t)(tj)) for all vector-fields 0. 

d) {Vit>){tj) := ^pi-^ (t>{tj) - r(.,t ._^t)(tj_i)) for all vector-fields D. 

On the set Xk{K) = E^^\k) x . . . x eP{K), V j resp. Vi is the discrete analogue of 
the partial derivative in the i-th direction. 

These definitions naturally extend the classical notions of discrete calculus in Minkowski 
space, and are the starting point of a lattice gauge theory for Abelian varieties. How- 
ever, it is beyond the scope of this thesis to work out this lattice gauge theory explicitly. 
Instead, in a first step, we will treat Yang-Mills theory over arbitrary base schemes. This 
in done in Part II of this thesis. 
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6.1. Neron models 

We already mentioned in section 10.21 that a model of type (GR) {X — > S, g) is almost 
a Neron model. A model of type (SR) (see Definition 10. 7p actually is a Neron model. 
These Neron models are universal objects which we will introduce in this section. 

6.1 Definition Let Xk be a smooth and separated -fC-scheme of finite type. A Neron 
model of Xk is an 5-model X which is smooth, separated and of finite type, and which 
satisfies the following universal property, the so called Neron mapping property: 

For each smooth ^-scheme Y and each /C-morphism uk ■ Yk Xk there is an unique 
S'-morphism u -.Y ^ X extending uk- 

It is highest non-trivial to prove the existence of the Neron model, and in general it will 
not exist without further assumptions. At least, due to its universal property, it is clear 
that the Neron model is unique up to canonical isomorphism. Due to its uniqueness and 
its universal property, the formation of Neron models is a functor. 

6.2 Remark If the archimedean limit Xk admits a Neron model X, and if Xk in 
addition carries a group structure (e.g. if X —> 5 is a model of type (SR)), this group 
structure extends to X due to the Neron mapping property. Interpreting the formation 
of the inverse with respect to the group structure as a simultaneous parity and time- 
reversal operation, we see that there is a canonical notion of parity and time-reversal on 
X, too. Thus, parity and time-reversal lift to the "adelic" level. 

We finish this section with the statement of a further fundamental property of Neron 
models whose significance will become clear in the next chapter, too. It is the so called 
extension property for etale points. Physically, this property guarantees that the archime- 
dean zero-dimensional space-time points appear as projections of the "adelic" space-time 
points to their archimedean component. 

6.3 Definition Let X be a scheme over a Dedekind scheme S. Then we say that X 
satisfies the extension property for etale points at a closed point s S S" if, for all etale 
local Cs^s-algebra R' with field of fractions K' , the canonical map X{R') Xk{K') is 
surjective. 

6.4 Proposition Let S he a Dedekind scheme with field of fractions K , and let Xk 
he a smooth and separated K -scheme of finite type which admits a Neron model X. 
Furthermore, let S' he a second Dedekind scheme with field of fractions K' such that 
S' ^ S is etale. Then there is a hijection 

X{S')^Xk{K'). 
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PROOF Due to the Neron mapping property, each morphism Specif' Xk extends to 
a unique morphism 5' — > X. □ 

Important is the fact that Neron models are local on the base which is stated by means 
of the following proposition. 

6.5 Proposition Let S he a Dedekind scheme and let X be an S -scheme of finite type. 
Then the following assertions are equivalent: 

a) X is a Neron model of its generic fibre. 

b) For each closed point s G S , X Xs SpecOs^s is a Neron model of its generic fibre. 
PROOF [BLR], Prop. 1.2/4 □ 

6.6 Proposition Let X be a smooth R-group scheme of finite type or a torsor under a 
smooth R-group scheme of finite type. Then the following conditions are equivalent: 

a) X is a Neron model of its generic fibre Xk. 

b) X is separated and the canonical map X{R'^) Xk{K''') is surjective. 

c) The canonical map X{R^^) XxiK^'^) is bijective. 

PROOF [BLR], Thm. 7.1/1 □ 

The surjectivity of the canonical map X{R^^) XxiK'^^) is due to the definition of the 
strict henselisation equivalent to the extension property for etale points in the case of a 
local base scheme Speci?. Furthermore, due to the valuative criterion of separatedness, 
the surjection is even a bijection as stated in Proposition 16.61 c). 



6.2. Further statements on the archimedean component 

Let us consider a model of type (GR) {X S,g) in the sense of Definition 10. 41 Further- 
more assume that K C M is an algebraic number field. The purpose of this subsection 
is to illustrate in more detSjil how the ctrchiniedectn continuum hmit 

(see section 

10. 3p emerges. Let us for simplicity assume that X — > 5 is representable by a smooth 
5-scheme of relative dimension n. Consider the archimedean component of X, i.e. the 
generic fibre Xk of X. Due to smoothness, there are local Specie-immersion Xk ^ 
(see Definition ll.lOjl . Let us for simplicity assume that this local immersion is already a 
global, closed immersion. Consequently, Xk = V{I) = SpecK[ri, . . . ,Tn]/I is the zero 
set of an ideal I. Recall that for any field L D K, Xk{L) :=Homspecx(SpecL,X/4') = 
Homx(Er[ri, . . . , T„]/I, L). Thus, due to the universal property of quotients, we see that 

Xk{L) = {(xi, . . . G L" I p{xi, . . . = for all pel}. 
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Choosing L = M, we obtain a set which may be endowed with the structure of a dif- 
ferentiable manifold. This is the archimedean continuum limit Xoo '■= Xk{^) of X. 
However, a point Xoo £ Xqo is in general not induced by a point of the underlying scheme 
Xk- As we will illustrate below, only those points G Xoo origin from prime ideals 
of Xk, whose coordinates take values in an algebraic closure K of K. These point are 
elements of the set Xk{K^^^) = Xk{K), where K^^^ is a separable algebraic closure of 
K. Thereby, we may write K^'^p = K because charif = 0. 

Let X = {xi, . . . ,Xn) € Xk{K^^^). Then we can associate to it the maximal ideal 
rtix ■= {Ti — xi, . . . ,Tn — Xn) C K^^^[Ti, . . . , T„]. Using Taylor expansion around x we 
see that / • K^^^^lTi, . . . ,r„] C rria;, and therefore rtix corresponds to a closed point of the 
scheme Xk- Let us denote this point by x, too. More precisely any element of Xk{K^^p) 
is uniquely determined by the data consisting of a closed point x G Xk and a K-algebra 
homomorphism K ^ if^^P. Alternatively, one can prove the following result. 

6.7 Proposition Let Xk be a scheme over a field K . Then there is a bijection 

Xk{K) ^{xeXK\ k{x) = K} 

PROOF Let a G Xk{K) and let x be the image of the point of Specif. The homomor- 
phism a* induces a field homomorphism k{x) —>■ K . As k(x) is JC-algebra, this implies 
that k{x) = K . Let conversely be x G Xk with k{x) = K. Composing the closed 
immersion SpecA;(a;) — > SpecOx/f,x with the canonical morphisms SpecOxK.a; ~^ -^K, 
one obtains the desired section SpecK — ^ Xk whose image is x. □ 

However, due to the algebraic nature of the underlying scheme, the set Xk{K^^p fl M) 
is already a dense subset of the manifold Xoo with respect to the canonical topology on 
Xoo- In particular, Xoo may be reconstructed from Xi^(i^'^®P). On the other hand, we 
saw that every point of Xk{K^^^) C M gives rise to a maximal ideal, i.e. closed point 
of Xk- But these points also lie dense in Xk with respect to Zariski topology: 

6.8 Proposition If X is a smooth scheme over a field k, the set of closed points x of 
X such that k{x) is a separable extension of k is dense in X. 

PROOF [BLR], Cor. 2.2/13 □ 
This motivates the following notion. 

6.9 Definition Let / : X ^ 5 be a smooth scheme. Let x E X and s := f{x). Then x 
is called a physical point, if: 

a) X is closed in the fibre Xg = X Xs Spec k{s). 

b) k{s) ^ k{x) is a separable. 

6.10 Remark a) Let Xk be a variety over K (e.g. our smooth space-time contin- 
uum)and let K'/K a Galois extension (e.g. K' = K^^^) with Galois group G 
acting on Xk in the canonical way: Any a E G induces an automorphism of 
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ii'-schemes Specif — > Specie'. Thus there is a canonical action of G on X'^^ := 
X Spec X Specif' which is the identity on the first component. If Xk is as in a), 
then for any a E G and for any x = (xi, . . . , Xn) we have a{x) = a{xi), . . . (j{xn)- 
The set of classes G\ Xk{K') injects into Xk- 

More precisely the physical points of Xk are Galois orbits of physical points of 
Xk{K^^p) (i.e. of the points of the archimedean continuum limit of space-time ). 
Thus Xk occurs in a canonical way as a base space for some kind of "gauge theory" 
(of space-time) whose "gauge group" is a Galois group. 

b) Intuitively, we may think of the bijections 

Xk{K) ^{xEXkI k{x) = K} or (i^T'^'P) ^ {physical points of X^-p} 

as some kind of "wave-particle duality" on space-time level. For example, the el- 
ements of Xk{K^^p) are sections of the structure morphism Xk^bp — K^^^. But 
morphisms of schemes have similar symmetries like the differential geometric mor- 
phisms of vector bundles (e.g. one needs a one-cocycle condition in order to glue). 
Therefore, XkIK^^^) represents the wave interpretation of space-time points, be- 
cause sections of vector bundles are classically interpreted as fields. 

But the physical points of Xj^sep are points of a topological space. They represent 
the particle interpretation of space-time points. 
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7. Some essential techniques 



In ordinary (i.e. M-valued) Yang-Mills theory, gauge fields are described by co-vector- 
fields. If we want to generalize the M-valued, differential geometric Yang-Mills theory to 
arbitrary commutative rings R (or even base schemes S), we therefore have to make use 
of the notion of the algebraic geometric tangent bundle. In particular, we need a suitable 
notion of pull-back and push-forward of tensor fields in the realm of algebraic geometry. 
This chapter is devoted to the development of such a notion (see section [72]) ■ We start 
with some introductory remarks on general coordinate transformations in the setting of 
algebraic geometry. 

7.1. General coordinate transformations 

Consider a classical physical situation: S = SpecM and ip : X' ^ X is a morphism 
of smooth algebraic varieties X,X' over M (Definition ll.lOp . Then the sets of M-valued 
points X(M),X'(M) may be considered as differential manifolds, and ^p gives rise to a 
morphism ^(M) : X(M) X'{M.) of differential manifolds (which was illustrated in the 
physical interpretation after Definition lLlOj) . We saw within the bounds of the physical 
interpretation following Definition 11.31 that on M-valued points x E X(R.) the pull-back 
map ^*ri^y^ — > ^x^g of differential forms coincides with the ordinary, differential ge- 
ometric notion of pull-back of 1-forms: It is described by the Jacobian matrix D^p. If 
we choose especially X = X' , then X{R) = X'{R) and ipiR) : X{R) X{R) is called 
a diffeomorphism (of X{R) in the differential geometric sense), if Dip is an invertible 
matrix. However, physics should be general covariant, i.e. if we pass from one observer 
to another one by means of a coordinate transformation, the physical laws should be 
invariant. General relativity is even only determined up to diffeomorphisms. 

It is our goal to evoke a Yang-Mills theory over arbitrary numbers (given by a commu- 
tative ring R) which is therefore no longer limited to the real numbers M. In particular, 
we have to find the algebraic geometric analogue of diffeomorphisms. Starting from the 
differential geometric characterization of diffeomorphisms as morphisms with invertible 
Jacobi matrix and recalling our analysis at the beginning of this section, we will see in 
Corollary 17.21 that the algebraic geometric analogues of diffeomorphisms are exactly the 
etale morphisms. 

7.1 Definition A morphism of schemes f : X ^ S is called etale (at a point) if it 
is smooth (at the point) of relative dimension (see Definition 11.101 for the notion of 
smoothness). 
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7.2 Corollary Let f : X ^ Y be an S-morphism. Let x he a point and let y = f{x). 
Assume that X is smooth over S at x and that Y is smooth over S at y. Then the 
following conditions are equivalent: 

a) f is etale at x. 

b) The canonical homomorphism — > {^x/S^^^ *^ bijective. 

PROOF [BLR], Cor. 2.2/10 □ 

7.3 Corollary Let f : X ^ Y be an S-morphism of smooth S-schemes X and Y . Then 
is equivalent: 

a) f is etale. 

b) The canonical homomorphism ^ *^ bijective. 

c) The canonical homomorphism — ^ (^x/s)^ *^ bijective for all x E X. 

This feature of etale morphism has a far reaching consequence and leads to a phenomenon 
which does not occur in differential geometry: We already mentioned that we should only 
look at "space-time " and "physical objects" up to coordinate transformation. Thus from 
a physical point of view one should not distinguish between X' and X if X' X 
is surjective and etale. But in contrast to the differential geometric setting, an etale, 
surjective morphism X' ^ X will in general not be an isomorphism if we work over 
arbitrary rings R (instead of e.g. the complex numbers C). Thus, X and X' are different 
with respect to Zariski topology. But from the physical point of view, we should not 
distinguish between X and X' . Therefore, Zariski topology is physically not appropriate. 
At least, one knows that etale morphisms are open due to flatness. But, we have to extend 
the Zariski topology in such a way that X' is "open" in X with respect to the bigger 
"topology" if X' ^ X is etale. If X' ^ X is etale, surjective we want to consider X' as an 
"open" covering of X consisting of only one element. In such a case we will consider them 
as equal in a certain way: "X' = X". We may say this mathematically more correctly as 
follows: 

We have to work with respect to etale topology instead of Zariski topology. 

Etale topology is an example of a so called Grothendieck topology whose definition we 
are going to recall next. 

7.4 Definition A Grothendieck topology T consists of a category CatT and a set CovT 
of families {Ui — ^ U)i^i of morphisms in Cat T, called covering, such that the following 
holds: 

a) If $ : — ^ y is an isomorphism in Cat T, then ($) G Cov 1. 

b) If {Ui — > U)iQi and {Vij — ^ Ui)j^j^ foriEl belong to CovT, then the same is true 
for the composition {Vij Ui ^ U)i^IJ^J^. 
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c) If (Ui — > ?7)ie/ is in Gov T and if y ^ ?7 is a morphism in Cat T, then the fibred 
products UiXijV exist in CatT, and {Ui x^/ F — > V)i^i belongs to CovT. 

We may think of the objects of Cat T as of the open sets of our topology and of the 
morphisms of Cat T as of the inclusions of open sets. Furthermore, a family {Ui U)i^i 
of Cov T has to be interpreted as a covering of U by the Ui abd a fibred product oiUiXijV 
as the intersection of Ui and V . Thinking along this lines an ordinary topological space 
X is canonically equipped with a Grothendieck topology: Cat T is the category of open 
subsets of X with inclusions as morphisms, and CovT consists of all open covers of open 
subsets of X. 

7.5 Definition For a scheme X, let CatT be the category of etale X-schemes with 
etale morphisms as morphisms, and let CovT be the set of families {Ui U)i^i of etale 
morphisms such that U = IJie/ ^i- Then T is called the etale topology on X. 

It should be pointed out that the "intersection" of "open" sets is dealt with in condition 
c) of Definition 17.41 whereas we have refrained from giving any sense to the union of 
"open" sets. In fact, even in examples, where the union of "open" sets does make sense, 
such a union will not necessarily yield an "open" set again. 

The notion of a Grothendieck topology has been designed in such a way that the notion 
of presheaf or sheaf can easily be adapted to such a situation: 

7.6 Definition Let T be a Grothendieck topology and be a category which admits 
cartesian products. A presheaf on T with values in ^ is a contravariant functor J- : 
Cat T — > C We call T a sheaf if the diagram 

is exact for any covering {U U)i,^i in CovT. 

Having defined the "open subsets" of a scheme X with respect to etale topology, we may 
now introduce the notion of neighborhoods of points. 

7.7 Definition A morphism X' ^ X of schemes is called an etale neighborhood of a 
point X G X, if X' ^ X is etale and if x is contained in the image of X' . 

The following Proposition l7.8l finally gives the justification, why it is physically admissible 
to consider etale morphisms X ^ y as inclusions. 

7.8 Proposition Let f : X ^ Y be locally of finite type. Let x G X and y := f{x). If 
f is etale at x (resp. unramified at x), there exists an etale neighborhood Y' ^ Y of y 
such that, locally at each point of X := X Xy Y' above x, the morphism f : X' ^ Y' 
obtained by base change Y' ^ Y is an open immersion (resp. an immersion). 



PROOF [BLR], Prop. 2.3/8 



□ 
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Therefore, the algebraic geometric analogue of the differential geometric diffeomorphism 
should be the etale morphism. However, if we perform a coordinate transformation or any 
"deformation" of space-time, the number of points should be invariant under coordinate 
transformations. In this situation, we should therefore restrict attention to the class of 
finite, etale surjective morphisms f : X ^ Y which have the property that there are 
bijections Yk{K') = Xk{K') and Y{S') = X{S') for all etale 5-schemes S' with field 
of fractions K'. Thereby, Xk and Yk denote as usually the respective generic fibres. 
However, let us point to the fact that it can happen that / changes the topology. 

Working with respect to ctale topology, there is the theorem of the inverse function for 
smooth schemes. This is crucial if we want to perform analysis, and we have to make use 
of it later when we develope Yang-Mills theory over rings. It takes the following form. 

7.9 Proposition Let f : X ^ S be a smooth morphism. Let s be a point of S, and let x 
be a dosed point of the fibre Xg = X Spec k(s) such that k{x) is a separable extension 
of k{s). Then there exists an etale morphism g : S' ^ S and a point s' G S' above s such 
that the morphism f':XxsS'^S' obtained from f by the base change S' ^ S admits 
a section h : S' ^ X xs S' , where h{s') lies above x, and where k{s') = k{x). 

PROOF [BLR], Prop. 2.2/14 □ 

7.10 Proposition Let X be an S-scheme. Then the notion of physical points is stable 
under etale base change. 

PROOF Consider a physical point x E X over s E S, and let S" — ^ 5 be an etale 
morphism. There is a closed immersion {x} ^ Xg = X05A;(,s). Therefore the morphism 
S' xs Spcck{x) ^ {X xg S') Xs k{s) obtained by base change with S" ^ 5* is a closed 
immersion, too. Furthermore, S'xs Spec k{x) — > Spec k{x) is etale. In particular, 
S' Xs S'peck{x) is a finite set. More precisely it is a finite disjoint union of separable 
field extensions of k{x), and thus S' xs SpecA;(x) is equipped with discrete topology. It 
follows that each point of S' x sSpeck{x) is a closed point. Let h{s') G S' XsSpeck{x) be 
a point over s' G S', where s' is over s. Due to the closed immersion S' Xs Speck{x) ^ 
{XxsS')xsk{s), h{s') is a point of {X xsS')xs'k{s') which is closed in {XxsS')xsk{s). 
But then, the continuity of the canonical inclusion 

(X xs S') xs k{s) — (X xs S') XS' {S' xs k{s)) 

{X xs S') XS' kis') — (X xs S') XS' (kis') xs kis)) 
shows that /i(s') is already closed in {X Xs S') Xs' k{s'). 

It remains to show that k(h{s')) is separable over k{s'). By assumption 5" — > is etale 
and it follows that k{s) ^ k{s') is separable. Furthermore X Xs S' X is etale, too. 
But h{s') is mapped to x under this morphism which implies that k{x) ^ k{h{s')) is 
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separable. Finally k{s) ^ k{x) is separable, because x £ is a physical point. Due to 
the canonical commutative diagram 

k{h{s'))^ Mx) , 



kis') ^ 

k{h{s')) has to be separable over fc(s'), because separable field extensions are transitive. 
All in all we see that all points, which lie over the physical point x after etale base change, 
are physical points, too. □ 



7.2. Pull-back and push-forward of tensor fields 

During this section, we assume / : X ^ y to be a smooth morphism of smooth S- 
schemes. We already introduced the pull-back of differential forms in Definition 11.31 
Within this section we will prove at first that smooth schemes allow a local (with respect 
to etale topology) push-forward of vector fields. Finally we will use these notions as a 
basis for an inductive definition of pull-back and push-forward of tensor fields. We begin 
with the statement of some preparing results. 

7.11 Lemma If X is a smooth scheme over a field k, the set of closed points x G X 
such that k{x) is a separable extension of k is dense in X . Recall that we call these points 
physical points. 

PROOF [BLR], Cor. 2.2/13 □ 

For all 5-schemes Z ^ let us denote the fibre over a point s £ S hy Zg. For each 
morphism f : X ^ Y of 5-schemes and for all s £ S, denote by fs'-Xg^ Yg the induced 
morphism on the fibre over s G S. With this notation we may state the following result. 

7.12 Proposition Let f : X ^ Y be a morphism of S -schemes such that Xg and Ys are 
algebraic varieties over k{s) for all s G S. Let x € X be a physical point. Then y := f{x) 
is a physical point, too. 

PROOF By assumption, the morphism X ^ Y induces a family of morphisms of algebraic 
varieties Xg Ys over k{s), s G S. Let x be a physical point, y = f{x). Looking at the 
local rings, we have got commutative diagrams 

Kx) ^ — -iKv) 

k{s) 

As ki^s) ^ k{x) is a separable algebraic extension, the same is true for k{s) ^ k{y). In 
particular y G Yg is a closed point in Yg, because for algebraic varieties Z over a field k 
one knows the following fact (e.g. due to [Liu], Ex. 2.5.9): z G Z is closed if and only if 
k ^ k{z) is algebraic. □ 
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7.13 Proposition Let f : X ^ Y be a smooth morphism of S -schemes. Let y € f{X) 
be a physical point. Then there exists a physical point x £ X which is mapped to y. 

PROOF Let s be the image of y under the structure morphism Y ^ S. We first remark 
that we write Xy (resp. Xs) if we consider x £ X as a point of Xy (resp. of Xs). As 
Xy k{y) is smooth and Xy / 0, we know by Lemma fT. Ill that there exists a Xy £ Xy 
such that Xy is closed in Xy. and such that k{y) ^ k{xy) is separable. By [Liu], Ex. 2.5.9 
this is equivalent to the statement that k{y) ^ k{xy) is a separable algebraic extension. 
If s denotes the image of y under the structure morphism Y ^ S we know furthermore 
by assumption that: k{s) ^ k{ys) is separable algebraic. So we are done by the following 
lemma if we apply [Liu], Ex. 2.5.9 once again. □ 

7.14 Lemma Let f : X ^ Y be a morphism of schemes. Let x £ X and y := f{x). If 
we denote by Xy the point x considered as a point of the fibre Xy, then: 

k{xy) = k{x). 

PROOF Considered as a scheme, the fibre Xy is isomorphic to X Xy Spec/c(y). Therefore 
we get for the local ring at Xy £ Xy 

Oxy,xy = Ox,x ®OY,y Hy) = Ox,x/my Ox,x- 

In particular the maximal ideal xrixy of Oxy,xy is given by xrixy = vHx / nxy Ox,x- Therefore 

k{xy) = Oxy,xy/mxy = {Ox,x/myOx,x)/{mx /myOx,x) = Ox^xl'c^x = k{x). □ 

Consider now the smooth morphism f : X ^ Y of S'-schemes. Let us consider a (local) 
vector field V : U — ^Tx/s on X. We would like to define a local push-forward of under 
/ to a local vector field /*d on Y . 

This should be done in a canonical way using the pull-back of co-vector fields. Due to 
the duality between vector fields and co- vector fields (see Remark [11.25P we may identify 
t) : [/ — > Tx/s with its corresponding Ofy-module-homomorphism d : ^^jg — *■ Ou which 
we will also denote by v. Also using the contravariant functor V introduced in Proposition 
111.181 we will finally arrive at the following diagram as explained below: 

f{U) ^ U ^ Tx/s ^"-^^^ Ty/sXyX ^^^^ 

f'^Of^U) ^ Ou ^ n\/s f*^Y/s- 

Here /* denotes as well the canonical morphism f~^Of(^ij-^ — > Ou as the pull-back of 
CO- vector fields uj £ f^y/^ 

f*Ql f Ql 

J iiy/S "x/s 

u; (g) 1 1 — > f*uj 
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which we sometimes simply abbreviate by u; i— > f*u;. The pull-back is defined globally, 
i.e. if we consider a co- vector field uj living on all of Y, we can pull it back to a co- vector 
field f*LO living on all of X. 

In contrast to this, (even globally defined) vector fields V may in general only be pushed 
forward to vector fields living on (etale-)open subsets of f{X). This is analogously 
to the situation upon real-valued manifolds. As an example consider the projection 
p : S'^ C M.^ ^ M? , (x, y, z) i— > (x, y) and a vector field on the two-dimensional sphere 5^. 
Let us denote the corresponding flow by 4>t- But in general, po (p^ will not be injective. 
Then, the push-forward does not exist globally. More precisely, we have to face the 
following problem, whenever we are trying to define of a push-forward /=kD of a vector 
field d: In general there is only the following canonical diagram 

f{U) ^ U ^ J^X/S ^ J^Y/S , 

but in general there is even no chance to get a local section of /. Thus we will not 
find a y-morphism V Ty/s with V C /(U) Zariski-open which is induced by d. 
Thus there is no chance to define the push-forward f^v of the given vector field within 
Zariski-topology. 

The way out of trouble is performing a local coordinate transformation, i.e. performing 
an etale base change Y' — > Y. Intuitively one may think that a badly chosen coordinate 
system may lead to singularities which do not exist in "reality", but which are due to 
the bad choice of the coordinates. Such "imaginary" singularities may be resolved by 
performing a suitable coordinate transformation. As an example consider a fiat space- 
time M? with metric ds^ = dx'^ + dy'^ and introduce the new coordinate system {x',y') = 
(x^/27, y). Then dx' = d{x^/27) = 1/9 • x'^dx = x"^^^dx and therefore 

ds'' = x'-^l''dx^ + dy'' 

which is singular at x' = 0. But in truth there is "no" physically relevant difference 
between the points (0,y) and (l,y) of empty space-time M^. 

So let us perform an etale base change y ^ y as follows: Let y G f{U). Thus 
= / 0, and by Lemma EH] we may choose a closed point x € Xy such that 
k{y) ^ k{x) is separable, i.e. we may choose a physical point x G Xy. Then we are in the 
situation of Proposition 17.91 and we infer that there exists an etale morphism g : Y' ^ Y 
such that f : X Xy Y' ^ Y' has a section h. Thereby /' is the morphism induced by / 
by base change with g : Y' ^ Y . 

We want to use this section in order to define a push- forward of 0. For this purpose 
let us first prove that the canonical diagram (9.1) 

Y i — A — > ix/s — > -Ly/s X 

f~^Oy Ox ^ ^X/S ^ f*^Y/S 

is stable under local coordinate transformations, i.e. compatible with etale base change. 
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So let us apply the above base change g : Y' ^ Y to the diagram (9.1), and let 
f':X'^ Y' be as above {X' := X Xy Y'). We claim that we arrive at the diagram 



Y' ^ X' ^ 
f'-'Oy ^ Ox' ^ 
PROOF Consider the cartesian diagram 



Tx'/s 



r 



Tyi/s Xy X' 
f'*r)l 



(7.2) 



X' 
j 
X- 



f 



Y' 

9 

■Y 



As g is etale, j is etale, too (because j = idx x g). Thus we know from Corollary 17.31 
that 



g lly/S 



These relations and the equation f oj = go f , which expresses the commutativity of the 
above cartesian diagram, yield 



Y/S 



Also using Proposition 111.181 we deduce: 



Tx/s XyF' 



{Ty,s Xy X) Xy Y' Ty/s xyX' = v((/ o jrnl./g) - v(/ *nl.,/s) 



— Ty/s Xy X 



So we see that we arrive at the diagram (9.2) if we apply the base change g : Y' ^ Y to 
the diagram (9.1). □ 

Let us emphasize that the base-scheme S is not effected by this process, i.e. /' is 
actually a restriction of / (with respect to etale topology). The "adelic" space-time 
points (which are isomorphic to S) remain unaltered; we are only looking closer at a 
region of the universe. Thus, with some abuse of notation, we may suppress the "dashes" 
in (9.2), and we may assume (after eventually shrinking Y and performing a coordinate 
transformation) that / has a section h. Then we derive the following canonical morphism 
: Y — > Ty/s Xy X induced by / and d: 



/*t) : Y 



X 



'-X/S 



i-x/s 



if) 



■ Ty/s X y X 
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This induces a canonical morphism on the sheaves 

if*^) '■ f*^Y/s ^X/S ~^ h^Oy, 

oj^l f*uj (gi 1) 

where uj G ^y/s' found a canonical morphism f^X) : f*^Y/s ~^ h^Oy such that 

(7;:^)(^0i) = (r odor)H = r(t,(ru;)) = r((rc^)(o)). 

by duality 

We would like to interpret /*d as our push- forward of 0, but actually /*D is not even 
a vector field. Luckily, Proposition 17.151 shows that the Ojf-niodule homomorphism 
/*D : /*r2yyg h^Oy corresponds to a uniquely determined Oy-module homomorphism 
/*D : ^y/g — > Oy, i.e. a vector field on Y. This will be a push-forward of d under /. 

7.15 Proposition Let f : X ^ Y be a morphism of schemes and let G be a Oy-module 
on Y . Then the pull-back Ox-fnodule f*Q on X fulfills the universal property that there 
is a functorial isomorphism 

Romoy [G, f.r) ^ Homo^ F) 

functorial in Ox -modules !F on X . 

PROOF [Liu], Ex. 5.1.1 □ 

Let us describe this functorial isomorphism shortly. For this purpose, we assume that Q 
is quasi- coherent. Let (p G Homo^ f^J^), i.e. (p consists of a collection of morphisms 

^(F) : G{V) f,HV) := J'if-^V)), VmY open, 

which is compatible with restrictions. For open subsets U ^ X with U C f'^{V), this 
yields morphisms 

ip{V) : GiV) Hr\y)) ^ HU), VinY open, 

where "res" denotes the canonical restriction. Let now U be an affine open subset of X 
such that f{U) is contained in an affine open subset V of Y. Then one knows (e.g. by 
[Liu], Prop. 5.1.14) that 

f*G\u = iG{V) ®Or{v) Ox{U)y . 

We consider !F{U) as an C'y(y )-module by means of the canonical morphism OyiV) — > 
Ox{f~^{V)) ^ Ox{U). The C'y(y)-linear map ^{V) : G{V) T{U) gives rise to a 
Oy (y)-bilinear map 

G{V) X Ox{U) ^ F{U), {g, a) ^ ip{V){g) ■ a. 
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Using the universal property of tensor products, we finally arrive at a Ox (^^) -linear map 
m) ■■ G{V) ®Oy{V) Ox{U) ^ HU), 9®a^ ^{V){g) ■ a. 

As {f*G){U) = g{V) ®Oy{V) OxiU), the Ox{U)-\meaT maps ip{U) give rise to the 
searched Ox-niodule homomorphism if S Homo^ (/*^, Thus the functorial isomor- 
phism of Proposition 17.151 mav be described as follows: 

Homoy {Q, f^T) Homo^ {f*Q,^), ^ ^ ^P, where (p{g a) := ip{g) ■ a. 

Now we may apply this result to our morphism /^.d : f*^Y/s ~^ h^:OY- Let us denote its 
image under the functorial isomorphism of Proposition 17.151 by /*d : ^y/g — > f^h^Oy- 
One knows that the direct image of sheaves is a covariant functor (see e.g. [Liu], Ex. 
2.2.6). In particular /^/i^^Oy = {foh)^Oy = because /i is a section of /, i.e. /o/i = id. 
All in all we arrive at a Oy-module homomorphism f^v : ^y^g —>■ Oy, i.e. at a vector field 

on y, which by construction fulfills the equation f^o{uj) = (/*t))(a;0l) = (/i* odo/*)(a;), 
i.e.: 

/,D = r o t, o /* 

7.16 Remark a) The smoothness of the morphism f : X ^ Y was only needed in 
order to guarantee the existence of local sections of / (where local is meant with 
respect to etale topology). If we assume that there is already a section /i of /, we 
may drop the smoothness assumption of /. Then the construction of the push- 
forward works as described above, and every global vector field d G T(Tx/s/X) on 
X yields a global vector field /*d = h* o t) o f* on Y . 

b) If / : X — > y is an isomorphism, then h := /^^ is a global section of /, and the 
push- forward of every vector field d G T{Tx/s/X) on X fulfills the equation: 

/,d = (/-')* odo/*. 

This is exactly the definition of the push-forward of vector fields which is considered 
in differential geometry. Thus the differential geometric notion is contained as a 
special case. 

c) Let f : X ^ Y and g : Y ^ Z he morphisms with sections if and ig, and let 
e nTx/s/X). Then 

{g° f)*v = c/*(/*d). 

This may be seen as follows: 

{{g o /)*0)(t^) = (V o ig)* oVo{go f)*{uj) = i* o o d o /* o g*{uj). 
(5*(/*d))(^) = i*((/.d)(/a;)) = i*(i}(d(/V^))). 
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7.17 Definition Let X and Y be smooth iS-schemes, and let / : X — > y be a 5- 
morphism which locally (with respect to etale topology on Y) admits a section h : Y ^ X 
(e.g. / is smooth). Let uj S ^y/g be a co- vector field on Y and v : X ^ Tx/s be an 
vector field on X. Then, locally (in etale topology), there exists a vector field /*0 on Y 
fulfilling the following identity 

This vector field is called the push-forward of D under / (with respect to h). 

If y £ Y and if we take the inductive limit over all etale neighborhoods of y in 1" (see 
Definition 17. 7p . we get a push-forward (/*t3)(y) G Homoyyi^Y/s y^^Y.y) on stalks 

{hx>)y{u^y) := iM{u;)iy) := (/.t))(y)(c^) = /i;(o(/*u;)(/i(y))) = /i;(o^(,)(/*^);,(^)), 
where h* : Ox.h(y) ~^ ^Y,y is the canonical map. 

7.18 Remark On stalks there is also a well-defined notion of push- forward for sections 
of smooth and separated morphism. In order to see this, let vr : X — > y be a smooth and 
separated morphism of 5-schemes, and let s : y ^ X be a section of vr. In particular, s 
is a closed immersion. As already described above, every vector field D S Ty/s gives rise 
to a Oy-linear morphism 

W0 1 ^ S*UJ ^ X){s*oj) 

which corresponds to a Ox-linear morphism ^^^/^ — > s*Oy . If x = s{y) is in the image 
of s, then we get on stalks at x an Ox.x-hnear morphism 



^\/S,x ' {s*Oy)^ = Oy^y. 

The last equality is due to the fact that 



(s*Oy)x 



if X ^ s{Y) 

Oy^y if X = s{y) 



because s is a closed immersion (see e.g. [Liu], Prop. 2.2.24). Due to the flatness of vr, 
the canonical morphism vr* : Oy^y — > Ox,x is injective, because flat morphisms of local 
rings are injective. Thus we may embed Oy^y into Ox,x and finally get a Ox.x-linear 
homomorphism 

{s*'o)x : ^'x/s,x — ' Ox,x- 

This gives a well-defined stalkwise push-forward of vector fields for sections s of smooth 
and separated morphisms. Again we obtain the formula 

(s*d)j: = vr* oX>yO s*y, 
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where x = In particular we may push-forward vector fields along constant mor- 

phism. Thereby an 5-morphism f : X ^ Y of 5-schemes is called constant, if there is a 
section s : S ^ Y such that / = s o tt, where tt : X ^ S is the canonical morphism. 

7.19 Definition Let / : X — > y be an isomorphism of smooth S-schemes. Let ti : Y ^ 
Ty/s be a vectorfield on Y and u) G ^ covectorfield on X. Then we define: 

a) The pull-back /*D of D to X to be the push-forward (/~^)*D. 

b) The push-forward f^LO of to y to be the pull-back {f^^)*uj. 

7.20 Definition Let X and Y be smooth 5-schemes. A r-times covariant, s-times 
contravariant (relative) tensor field on Y over 5 is a global section of 

(Ty/s)s ■■= {^Y/sy ® ^Y/S ^Y/S ■ 

' V ' ^ V ' 

r-times s-times 

Let / : X ^ y be an 5-morphism and h : Y ^ X a local section of / (where local is 
meant with respect to etale topology on Y). Then, whenever the following makes sense, 
we define: 

a) Let t G {'^x/sYs^ t = Oi . . . cj^ . . . w^, be a tensor field, and let 
i/^, . . . , i/^' G and let toi, . . . , rog G ($7^^^)^. Then 

r s 

1=1 j=i 
is called the push-forward of the tensor field t. 



^Viewing an element a £ Ox as a function a : X ^ ]J Ox,x, x t-^ ax, we may even write 

x£X 

(s*d)(c<;) = ^t)(s*ci;)^ o tt for all D G Ty/s, G i^x/s- 

This may be seen as follows. As we are working on stalks, we may assume that X and Y are afRne, 
say X = Spec_B and Y = Spec A. For x £ X and y = 'k{x) £ Y let Bx and Ay be the localization of 
B and A at the corresponding prime ideals. Then there is a canonical commutative diagram 

A — ^-^B a I ^n*{a) 



Ay^ ^ Bx a(7r(x))l ^■K*{a){x) 

As Ay Bx is injective, we may identify Ay with a subring of Bx, whence yielding the desired 

equation 7r*(a) = a o tt of functions from X to ]J Ox,x- 

xex 



7.2. Pull-back and push-forward of tensor fields 



115 



b) Let t € ('7y/s)s' i = ® • • • ® 'j^'', be a tensor field consisting of tensor powers of 
differential forms, and let tri, . . . , tOs E ($1^^^)^. Then 

s 

is called the pull-back of the tensor field t. 

c) Let t G (7^/5)^ and let / be an isomorphism. Then f*t := {f~^)^:t is called the 
pull-back of the tensor field t. 

7.2.1. Some formulas 

Within this subsection let us collect some formulas concerning the pull-back or push- 
forward with respect to some types of morphisms. More precisely let us consider 

a) constant morphism. 

b) morphisms of the type (/, g) or f x g involving fibre products. 

7.21 Proposition Let f : X ^ Y be a morphism of smooth S -schemes which allows a 
section h : Y ^ X . Let S' ^ S be an unramified morphism. Assume that there is a 
factorization 




Y 



Then f*uj = for all uj G ^y/g- In particular, /*t) = for all G T{X,Tx/s), o-nd this 
equation holds for any choice of the section h. (Recall that /*D denotes the push-forward 
of V under f with respect to h in the sense of Definition 1 7. 1 7l ) 

PROOF (/^,ti)(w) = h*{X){f*u;)) for all uj G ^y/s- Thus it suffices to show that f*LO = 
for all UJ G ^y^g- The above diagram induces a commutative diagram 



By Proposition 11.91 = and we are done. □ 

The "adelic" space-time points are elements of X{S). Thus we see that constant maps 
X{S) Y{S) have zero differential (as we are used to from differential geometry). Let 
us illustrate this in more detail 
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7.22 



a) 



Definition Let f : X ^ Y he a morphism of smooth 5-schemes. 
/ is called constant, if there exists a factorization 



X 



f 



Y 



p 




S 



where s : Y ^ Y is a section of the structure morphism 1" — > S. 

b) / is called locally constant, if any point y G Y possesses an etale neighborhood V, 
such that f X id : X xy V ^ V is constant. 

7.23 Proposition Let f : X ^ Y a smooth morphism of smooth S-schemes. Let S be 
a Dedekind scheme and let X and Y be a Neron models of their generic fibre. Let y be 
a physical point of Y over s E S which lies in the image of f. Let x E X be a physical 
point which is mapped to y under f (such a point exists by Proposition \7.L°J\ }. 

Then x extends to an S -valued point of X, whose image under f is an S -valued point 
a:S^YofY containing y. In particular, there exists a constant morphism g : X ^ Y 
which maps X to a. Furthermore, there exists an etale environment V ^ Y ofy, such 
that the restriction g\v = 9 x idy : X Xy V ^ V of g induces a vanishing push-forward: 



With some abuse of notation, we denote the constant morphism g by y : X ^ Y . 

PROOF As we are working with respect to etale topology, the local rings are strictly 
henselian. Let us first prove that x lifts to an S- valued point of X. If s is the generic 
point of S, this is true due to the Neron mapping property (Definition 16. 1|) . Therefore 
let s be a closed point of S. Then x lifts to a Os^^-valued point x' of X by Proposition 
11.201 which itself may be lifted to an 5- valued point f3 of X (again apply Neron mapping 
property in order to extend the point of x' which lies over the generic point of 5). Due 
to the uniqueness assertion of the Neron mapping property, the point of the image of /3 
which lies over s is x. If p : X ^ S is the structure morphism, a o p is the searched 
constant morphism, where a := f o (3. 

By Proposition 17.91 there exists an etale open environment V ^ Y of y, such that 
/|v = /xid:Xxyy— >y admits a section h\y . By construction, h\y is also a section 
of g\v ■ Thus the push- forward of vector fields under g\v exists. In order to prove that it 
is zero, it suffices to show that the corresponding pull-back of differential forms is zero, 
because [g\v)*^ = {h\vT °^ ° {g\v)* ■ Like in the proof of Proposition 17.211 the diagram 



{g\v).^ = for all D G T{X xy V,Tx^^v/s)- 



XXyV 



V 



" " 

X ^Y 
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shows that the pull-back of differential forms {g\v)* is zero. Thereby one has to use that 
{^PvT is an isomorphism, because fv is etale. □ 



Then in the stalk 



7.24 Proposition Let f : X ^ Y, g : X ^ Z be smooth morphisms of S-schemes. 
Let X €z X be a physical point and also denote by f{x) (resp. g{x)) the constant map 
X ^ Y, g I— > /(x) (resp. X ^ Z, q i— > g{x)) (see Proposition 1 7. S 
at {f{x),g{x)) = {f,g){x) there holds the equation 

{f,g)* = (/(a;), 5)* + {f,g{x))*- 

PROOF We have a commutative diagram 




Therefore, we also get a commutative diagram 

(/'5)*f^yx,z/5 



{f,gr{p\n\^^®Pi^\,s) 



Y/S 9*^z/S 



PIlJi + p^UJ2 I ^ f*UJl + g*i02 

(cJl,tJ2) ^^^^^^^^= (^^1,^2) 

Thus we can write: 

{f,g)* {^1,^2) = f^i + 9*^2- 

In particular, this equation holds in the stalk at {f{x),g{x)). But in the stalk at 
{f{x),g{x)), we obtain analogously equations 

(/(x),5)*(wi,a;2) = fixYuji + g*U2 = g*uj2 and 
{f,g{x))*{uJi,uJ2) = f*^i +g{x)*U2 = 

Thereby, we made use of the fact that the pull-back of differential forms under constant 
morphisms is zero (Proposition 17.21]) . This finishes the proof. □ 
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7.25 Proposition Let f : X ^ Y and g : Z ^ T be smooth morphisms of S-schemes. 
Let X £ X and z £ Z be physical points and also denote by f{x) (resp. g{z)) the 
constant maps X ^ Y, q ^ f{x) (resp. Z ^ T, q ^ di^))- Then in the stalk at 
{f{x),g{z)) = (/ X g)(x,z) there holds the equation: 

(/ X fif)* = {f{x) X g)* + (/ X g{z))^. 

PROOF We have a commutative diagram 

/ 



X- 



Y 



X xs Z ^^Y xsT 



TT2 



P2 



■T 



Therefore, we also get a commutative diagram 

)i 

''YxsT/S 



(/ X gyn] 



if X g)*{pinl.^gep*2n^^^g 



pIuji +P2UJ2 1 



(/ X g)*pluji + (/ X g)*p*2u;2 



{f*uji,g*uj2) 



Thus we can write: 

(/ X CJ2) = {f*^ug*^2) = T^lf^l + 7^29*^2 

In particular, this equation holds in the stalk at (/ x g){x,z) = {f{x),g{z)). But in the 
stalk at {f{x),g{z)), we obtain analogously equations 

(/(x) X gy{uji,uj2) = 7ri/(x)*a;i +TT2g*uj2 = -^-29*^2 and 

(/ X giz)y{u;i,uj2) = ttITuji +TTlg{zyuj2 = T^lf^i- 

Thereby, we made use of the fact that the pull-back of differential forms under constant 
morphisms is zero (Proposition I7.2l]l . This finishes the proof. □ 
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8.1. The classical, differential geometric theory 

The fundamental object underlying classical, differential geometric Yang-Mills theory are 
principal bundles. Before we state the definition of the algebraic geometric analogue of 
principle bundles in the next section 18.21 let us briefly recall some differential geometric 
notions which are essential for gauge theory. Throughout this section let G be a Liegroup, 
and let P be a differentiable manifold. 

8.1 Definition Let tp : P x G ^ P he a differentiable map and denote hy tpg : P ^ P 
resp. il^p : G ^ P the induced maps := i^{-,g) resp. := ipip,-) where g £ G 
and p £ P. Let us also introduce the abbreviation p • g ■= i^ip^g). Then -0 is called a 
right group action if and only if: 

a) ilig : P ^ P IS a diffeomorphism for all g £ G. 

b) ipa o tpb{p) = tpba{p)] i.e.: {p ■ h) ■ a = p ■ {h ■ a). 

8.2 Definition A group action ip : P x G ^ P is called free, if and only if the following 
holds: If there exists a p G P and a g £ G such that p • g = p, then g = e is the unit 
element of G. 

8.3 Proposition Let G act on P on the right by means of tp : P x G ^ P . Let G 0, 

where q denotes the Lie-algebra of G, and let exp : G be the exponential map. Then 
Ae induces a vectorfield (^e)* on P, the so called killing- vectorfield or fundamental 
vectorfield. More precisely: 



for all f £ C^{P) andp£ P. 

8.4 Remark Let G act on P on the right by means of ip : P x G ^ P. Denote by 
£ r(P, TP) the zero section of tangent bundle TP of P. Let A^ £ Q and denote by A 
the unique left invariant vectorfield on G corresponding to Af>. Then we may consider 
the vectorfield x A living on P x G, and we get for all p £ P: 



{{Ae)*f) (P) = (/ o V'exp(Me)(p)) 



{{tPp),Ae) (p) = {{Ae),){p) = (V*(0 X .4)) (p) 




1 X Ag)) (p) for all g £ G. 
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PROOF Denote hy tjjp : G ^ P, g ^ i'-pi^g) '■= P • 9 the translation by p. For all 5 € G 
let Ag := A{g) G TgG be the tangent vector of A at g, and consider the integral curve 
g{t) := g • exp(tAe) = LgO exp(iAe) representing Ag (where Lg is the left translation by 
g). Then we obtain 



dt 



for all / e C°°{P). In particular 

d 



t=Q 



This shows the first equality. On the other hand, (0 x A){p,g) =QpX Ag for all (p, (?) G 
P X G. If p{t) is an integral curve of Op, i.e. p{t) = p for all i G M, then we get for all 
/ e C-(P): 



f°^p° 9{t) 



[M%xAg){f)){p-g) 



d_ 

di 
d_ 

dt 



t=0 



foi^ig{t),p) 



t=o 



foM9{t)) = {{'^p)*Ag){f){p.g). 



As is a group action, we know that {p ■ g) ■ h = p ■ {gh) for all p G P and g,h & G. It 
follows that 

ipp-h ° {h~^9){t) = %-h{h'^g ■ exp(iAe)) = {p ■ h) ■ {h~^g ■ exp(tAe)) 
= p-{g- exp(t^e)) = ippO git), 

and thus we obtain 



{{^p)Ug){f){p-g) 



dt 



t=0 



f o ^p.g{eMtAe)) = {{Ae)*f){p ■ g). 



All in all we see that 

X Ag))^ {f) = {{A,),\.gU) = [M%-h X Af,-,g))^ U) 

for all p G P and g,h G G. Thus it indeed makes sense to write 

(V*(Ox A))(p-5) = i/'*(0pX Ag). □ 



8.2. Torsors 

Now we are going to transfer these structures to algebraic geometry, in order to provide 
the basis for a Yang-Mills theory over arbitrary commutative rings. Let G be a group 
scheme over X and P and X-scheme. Then an action of G on P is a X-morphism 

il^-.PxxG^P 

that induces an action of the group G(T) on the set P{T) for all iS-scheme T (especially 
{p-g)-h = p-{g-h) fov all p G P{T), g,he G{T)). 
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8.5 Proposition Let G act on a scheme P. Let tt : P ^ X be the structure morphism. 
Then it is equivalent: 

a) The scheme P is faithfully fiat and locally of finite-type over X and there is an 
isomorphism 

PxxG^PxxP, ip,9) ^ {p,p- g)- 

b) There is a covering {Ui X) for the flat topology\^ on X, such that, for each i, 
there is an isomorphism 

Xi : 7T~\U) := Pu, := U^XxP^ U Xx G =: Gu, 

respecting the Gjj.-action. 

PROOF [Milne], Chap. Ill, Prop. 4.1 □ 

8.6 Remark 

• Let G be a smooth group scheme. Then any torsor under G is smooth (see Propo- 
sition [831) • Using the fact that any X-torsor P under G, which allows a X-section, 
is trivial, Proposition 11.191 shows that we may choose the covering [Ui X) in b) 
for the etale topology. This is important in regard to physical applications as we 
already saw in section 17.11 that we have to work with respect to etale topology in 
order to incorporate the principle of general covariance. In physical situations we 
will furthermore assume that there exists a covering {Ui X) consisting of only 
finitely many maps Ui ^ X. This will allow us to glue sheaves. Then the global 
and the family of local versions of a physical theory are equivalent (as one would 
expect). 

• Condition b) says that there are commutative diagrams 

n'HU) ^ ^Ui XX G 

Ui 



pri 



Pu. xu. Gu, = U xxPxxG ^ UiXxGxxG — Gu, xu, Gu, 



idxip 



idxm 



U XX P U XX G 



^See Definition 17.41 for the notion of a Grothendieck topology 
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where m : G xx G ^ G denotes the group multiphcation. Evaluated at T- valued 
points p of 7r~^(C/j) and g of G (where T is an S-scheme), the latter commutative 
diagram may be stated as follows: 

{pr2 o Xi){p ■ g) = {pr2 o Xi{p)) ■ 9- 

Thereby pr2 denotes the canonical projection Ui xx G ^ G. 

• Condition a) implies that the group action ip : P xx G ^ P is free (see Definition 
18. 2|) and transitive on fibres over X. This may be seen as follows: The morphism 
P Xx G — > P Xx P, {p,g) ^ {p,P • g) is an isomorphism by definition. Due to 
injectivity, the preimage of a pair {p,p ■ g) with p ■ g = p consists of the pair (p, e), 
where e denotes the unit element of G. This shows that the action is free. The 
surjectivity implies that for all p,p' G P with 7r(p) = 7r(p') (i.e. for all (p,p') G 
P Xx P) there exists a g £ G such that p' = pg. 

8.7 Definition A scheme P, on which acts G, and that satisfies the equivalent state- 
ments of Proposition 18.51 is called a principal homogeneous space or an X-torsor under 
G. 

In physical applications we are going to consider smooth schemes provided with etale 
topology. Thus we see that the notion of torsors is exactly corresponds to the G-principal 
bundles in ordinary real- valued differential geometry. 

8.8 Proposition // G is smooth respectively etale over X, then so also any X-torsor 
under G. 

PROOF [Milne], Chap. Ill, Prop. 4.2 □ 

8.9 Proposition Let us denote the set of all isomorphism classes of X -torsors under G 
by PHS{G/X). Then there is a canonical injection PHS{G/X) ^ H^{Xfi,G). This 
map is an isomorphism if G is affine over X (i.e. the preimage of every affine subscheme 
of X is an affine subscheme ofG). 

PROOF Let us shortly summarize how a X-torsor P under G gives rise to a 1-cocycle. For 
the details of the proof see [Milne], Chap. Ill, Cor. 4.7. As we are interested in physical 
applications let us directly work with etale topology. For this purpose we assume that G 
is smooth. Then P is smooth, too, by Proposition 18.81 and due to Proposition 11.191 we 
may assume that there exists an etale covering 11 := {Ui X) that trivializes P, so that 
P{Ui) is non-empty for all i. Then choose a section Sj G P{Ui) for all i. As the chosen 
covering trivializes P, there exist unique gij G G{Uij) (where Uij := Ui xx Uj), such that 
Si\Uij ' 9ij — ^jlUij- Omitting restriction signs we therefore obtain Sigijgjk = Sk = Sigik, 
and so gijgjk = gik, because the G-action on P is free. One says that the family {gij) is a 1- 
cocycle. If s[ G P{Ui) is another family of sections, then there is a family {hi), hi G G{Ui), 
such that Sj = • hi for all i, because the chosen covering trivializes P. Again omitting 
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restriction signs, we get s[higij = .SiQi j = s.j = s'-hj = s[g'-jhj, and so g'^j = higijhj^ . One 
says that (gij) and {g'^j) are cohomologous 1-cocycles. The property of 1-cocycles to be 
cohomologous is an equivalence relation, and the set of cohomology classes is denoted by 
H^{ii, G). Of course the cohomology class is unaltered if P is replaced by an isomorphic 
torsor. Thus P defines an element of H^{X^t,G) which is defined to be lirn (11, G) 
where the limit runs over all coverings il obtained by refinement. □ 

8.10 Translations by 5- valued points on torsors. 

Let X be a smooth 5-scheme, let G be a smooth 5-group scheme and let Gx '■= GxgX. 
Let if) : PxxGx P he the group action of Gx on a X-torsor P under Gx. Consider 
an S'-valued point a : S "-^ P ol P. Let f : P ^ P and g : P ^ G he S'-morphisms. 
Then := f o a and ga := g o a are S'-valued points, too. 

The group action induces two kinds of translation by S'-valued points. First, we con- 
sider the translation tpf(a) by the S- valued point fa of P: 

V'/H : G — > S xsG — > PxsG — > P. 

In formulas we may write ?/'f(Q) := V-'°(/q ^id)o(7r,id) = '(/'°(/Q0 7r. id), where tt : G — > S' 
is the canonical morphism. If /(a) denotes the constant map making the diagram 




commutative, then we may state the translation '(/'/(a) • i^i the following way: 

V'/(a)=V'o(/(«),id):G^P. 
Analogously we define the translation ipg(^a) by the S'-valued point ga of G: 

^g(a) -P > PXsS > PXsG > P, 

where tt is this time the canonical morphism P ^ S. So we get tpg(a) '■= o (id x ga) o 
(id, tt) = if) o (id, 5a o t^)- Using the constant map g{a) making the diagram 




S 

commutative, we arrive at the identity 

^fl(a) =i^° (id, 5(a)) -P^P- 

Furthermore, \i hp : P ^ P and ha '■ P ^ G are morphisms of S-schemes, we get 
identities: 

'll^f{a)°hG = tl^ o {f{p),hG). 

'^g{a)°hp = ipo{hp,g{p)). 
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8.3. Gauge transformations 



Throughout this section let X be a smooth S'-scheme, and let G be a smooth X-group 
scheme. 

8.11 Definition Let P be a X-torsor P under G. A X-automorphism 6 : P ^ P is 
called a gauge transformation or a vertical automorphism, if 6 is compatible with the 
group action tp of G on P; i.e., there are the following commutative diagrams. 

PyixG^P e-.P 

Ixid 

PxxG^P X 
We denote be the group of gauge transformations by G. 

Furthermore, let us call a morphism u : P ^ G equivariant, if u{p ■ g) = g~^u{p)g for all 
T-valued points p S P{T) and g G G{T) and for all S'-schemes T. 

8.12 Proposition There is a one-to-one correspondence between gauge transformations 
and equivariant X-morphisms u : P ^ G. 

PROOF As usual let us denote the formation of the inverse respectively the multiplication 
on the group scheme G by t respectively m. Let assume that an equivariant X-morphisms 
u is given. Then we define the following X-morphism 9^. 

e^; p p^^G ^ P 

p 1-^ (Piw(p)) * P ' u{p) 

Of course, 6u is a X-isomorphism with inverse ^^-i, where := i o n : G — > G. 
Furthermore 6u is compatible with the group action of G on P. This may be seen as 
follows: By assumption, u{p ■ g) = g~^u{p)g and therefore 

^u{p ■ g) = {p-g) ■ u{p ■ g) = {p- g) ■ {g'^u{p)g) = {p ■ u{p)) ■ g = Quip) ■ g. 

Thus 9u is indeed a gauge transformation. 

Conversely, let now a gauge transformation 9 be given. Then we define the following 
X-morphism Uq. 

Uq-. P PxxP ^ PxsG ^ G 

Thereby P xx P — > P x 5 G denotes the inverse of the canonical isomorphism induced 
by the group action ip (see Proposition 18.51 a)). Let us show that this morphism is 
equivariant. By definition of u^, we have got 

{p- 9,Hp-9)) = (p-gJip) ■ g)^ {p- g, {p-Ueip)) ■ g) ^ {p- g, {p-g) ■ {g~^Ug{p)g)) ePxx P. 
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Thus the image oip-g under Ug is indeed g ^u^{p)g. Furthermore, the given associations 
are inverse to each other: 

p ■ ug^{p) = eu{p)=p- u{p), i.e. u§^{p) = u{p) for all p, 

because the group action is free. On the other hand 

GuAp) = P ■ Ug{p) = 9{p) for all p. □ 



8.4. Horizontality 

Throughout this section let X be a smooth 5-scheme, and let G be a smooth 5-group 
scheme. Furthermore let X and G be separated, let Gx := G Xs X and consider an X- 
torsor P under Gx (see Proposition 18.51) . Let T be an arbitrary 5-scheme. We already 
know from Proposition 18.81 that P is smooth and separated over X and therefore also 
over S. Denote by g := {e*Q,^^g){S) the Lie-algebra of G, where e : S ^ G denotes the 
unit section. 

By definition of torsors there is a commutative diagram 



P 



PxsG 




where vTj and pi are the canonical projections of the respective schemes onto the i-th 
factor, and where ttiX ip is an isomorphism. As usual, ip denotes the group action. Then 
the diagram shows that the diagonal A : P ^ P xx P induces a canonical global section 
s := (vTi X ip)~^ o A of ■0 which is given hy p ^ {p, 1) on T-valued points. Therefore, by 
Remark 17.161 every global vector field ti on P Xx G may be pushed forward to a global 
vector field -0*0 on P which is given by 

Ip^V = s* o V o ip*. 

Drawing inspiration from Remark 18.41 we use this push-forward, in order to define the 
killing-vector field. For this purpose consider an element de G and denote by d the 
uniquely determined left-invariant vector field induced by de (see Proposition lll.57p . 
Furthermore, let G T{P,Tp/s) be the vector field which is constant zero (i.e. the zero- 
section). Recalling the identity 7pxgG/s = ^sTq/s from Proposition 111.18) or 
as well the isomorphism 7r*0p^^ ©TTgfi^^g — > ^PxsG/S fro™ Proposition 11.71 we may 
interpret the cartesian product x d as a vector field on P Xx G. Then we define a map 



de ^ ip*{0 X d) 
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which turns out to be C'5(S')-linear. By tensoring over Os{S) with Op, a induces a 
Op-hnear map 

r Oe r • ^/'*(0 X o) = r • cT(tie). 

8.13 Remark By Proposition II 1.56"! g carries the structure of a C'5(5)-Lie-algebra by 
means of the 05(5)-hnear Lie-bracket [•, •]. Therefore we may endow Op '^Os(S) with 
the following structure of a Op-Lie-algebra: For r £ Op and Og S 5 let 

[r (g) Oe , • ] : Op ®Os{S) 9^ Op ^Os{S) Q, s tTg ^ rs (g) [Og, We]- 
This map is Op-linear and induces a Lie-bracket on Op '^Os{S) 5- 

8.14 Proposition a : q ^ T{P,Tp/g) is O 3(8) -linear. In particular a is Op-linear. 

PROOF Let DeitDe £ 0- The Canonical map e*Q^^g — > dg i— > D, extending 

sections in 6*0,^^^ to left invariant sections of ^Q/g^ is a 05(S)-linear map (as illustrated 
in the proof of Proposition II 1 .571 or simply by Proposition II 1 .581) . In particular, we know 
that 

de + Ife ^ d + tr and 

o • de 1-^ a-d for all a G 0^(5) 

under this map. Due to the decomposition Trjj'Opy^gffiTrlOj-,^^ — > ^PxsG/s of Proposition 
[T77l we know that (0 x (d + tt))) = (0 x d) + (0 x ro). Thus we conclude that 

5(ade + a'rde)(w) = V*(0 x (ad + a'rD))(L<j) 

= s*{{0x{av + am)){ip*uj)) 

= s* ((0 X ad)(^*Lj)) + s* ((0 X a'tD)(V'*w)) 

= s* (a(0 X d)(V'*cj)) + s* (a'(0 x Id)(V'*w)) 

= as* ((0 X d)(V/a;)) + as* ((0 x rv){'>p*Lo)) 

= aa{t)e){^) + a'a{tOe){oj). 

for all io G ^p/s- This shows that a is Os(S')-linear. As cj(r(8)de) = r-a(de) by definition, 
we are done. □ 

8.15 Definition Let P be a X-torsor under Gx- Let dg € g. Then the vector field 
a(de) = ct(1 dg) € r{Tp/g/P) is called the killing-vector field of the group action. 

Up to now, we considered the killing- vector field globally on all of P. Let us now, analyze 
the local properties of ^(de). 

By means of the the canonical isomorphism stated in Proposition 111.301 a), let us 
interpret 5(de) as a differential form. Locally (with respect to etale topology), P allows 
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a split P = X xs G. So, as we are now interested in a local consideration, let us assume 
that P splits and let 

Pi-.XxsG^X 
P2:XxsG^G 

be the canonical projections. Due to the isomorphism p\i^^^^g © ^2^^^^ ^p/s 
(Proposition [T3|, we may decompose a(t)e) into a direct sum (wi, a;2) G /9jr2^^^©P2^Jjy^. 
We claim that the component uji is equal to zero. Therefore a{Ve) lives only in the group 
part G of P and is killed if it is pushed forward to the base X using the structure 
morphism vr : P — > X. 

Let us call the X-component in the local split P = X x s G the horizontal component, 
and let us call the group part G the vertical component. In particular, we see that 
(locally) the killing vector field lives in the vertical component of P. But before defining 
the notion of horizontality and verticality for vector fields, let us first introduce the notion 
of a connection form. 

8.16 Definition Let P be an X-torsor under Gx, let cr : g ^ T(Tp/s/P) be the killing- 
form, and let d be the exterior differential (see Theorem lll.39p . Furthermore, let u be 
a global section uj of ^\>^g '^Os{S) 9- Then we introduce the following two Op-linear 
morphisms hor,ver S Homc)p(r2p^^, fipy^): 

ver := a o CO. 
hor := id — a o u). 

uj is called a connection form (or more shortly a connection) if and only if: 

a) ujoa = \d:Op ®Os{S) ^ Cp ®Os(S) 0- 

b) tpluo = Ad(a^i)w for all 5- valued points a £ G{S)E 

c) w(horD) = for all d G T{Tp/s/P). 

d) UJ : Tpjg —>■ Op 0Os{S) is a homomorphism of Lie-algebrasH 

8.17 Definition A vector field D G T{Tp/s/P) is called horizontal (resp. vertical), if 
= horD (resp. = vero). 

8.18 Proposition Letu) G Q^p^g0(j^(^g-^g be a connection form. Letipa be the translation 
by an S-valued point a (induced by the group action tp). Then: 



^ This equation has to be understood in the sense of (V'aW)(o) = Ad(a~^)(tj(ti)) for all D G T{Tp/s/P), 
where 4'a denotes the translation by the S-valued point a fsee 18.101 above!. The map Ad was intro- 
duced in subsection 111.4.31 

^This means that Lj([D,ra]) = [uj{'o),Lj{m)] for all vector fields 0,tTi £ Tp/g. Thereby 7p/s is considered 
as a Lie-algebra with the commutator as Lie-bracket (see Definition lll.4ip . The Lie-algebra structure 
of Op (i>Os(.S) Q was introduced in Remark l8.13l 
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a) hor=horohor horover=0. 
ver = vero ver vero hor = 0. 

ii^a)*^ is horizontal for all horizontal vector fields D on P. 
ii^a)*^ is vertical for all vertical vector fields D on P. 

c) hor o (^a)^ = (ilja)^ o hor 
ver o (tpa)* = ii^a)* ° ver 

PROOF If w is a connection form, then a; o o" = id. Therefore ver o ver = aoujoaouj = 
aouj = ver and hor o hor = (id — ver) o (id — ver) = id — 2 • ver + ver o ver = id — ver = hor. 
In particular, it follows that hor o ver = (id — ver) o ver = = ver o (id — ver) = ver o hor. 
In order to prove b) consider first a horizontal vectorfield d. Then 

ver ((Va)*0) = a o ^((V'a)*0) = a ((Ci)*((V'»(t)))) = a ((C')*((Ad(a-i)a;)(c))) 
= ^(Ad(a-i)(^-i)*(^(t,))). 

Thus hor((V'a)*o) = (V'a)*0, because lo{v) = for horizontal vector fields d. 

Let now be be a vertical vector field, i.e. d = ver(d) = cj(a;(d)) . Writing u;(d) = 
r (g) tt)e with r G Op and We G and denoting the unique left-invariant vector field 
associated to rOe by to, we obtain 

(V'a)*e = {i'a)*{(T{uj{v))) = {i'a)*{r ■ X t^)) = ((V'a " (V'a)*V'*(0 X tv), 

{*) 

where (*) will be proven below. Recalling the notion of the right-translation by a on G 
from subsection lll.4.4l we may write ipa°fp = fp° (id x r^) : P X5G — > P, {p, g) ^ p-{ga), 
and we get 

(Va)*o = iii^a'Tr) . M^d X t'Mo X It)) = iii^-'Tr) -Mox iOM 

As left- and right-translations on G commute with each other, (T^)^,tt) is left invariant 
again. Therefore (T^)*tD is the unique left invariant vector field on G corresponding to 
an element ((T^)*tt))e S g, and, using Definition 18. 161 c). this yields 

i'll^a)*^ = a {ii^-^Tr ((r^)*w)e) = (a o u o a) {{ip-^Tr ® ((r^)*lt))e) = ver ((?/^a)*o). 

In order to finish the proof of b), it remains to explain the equality (*). Let t be a vector 
field on P and let a S ^x^g- Then 

ii^PaUr • t)) (a) = iij-'r ((r • t)(V.») = {^^'y (t(r • V:^)) 

= te')* {ima^a'Tr ■ a)) = iii^aU) iii^a'Tr ■ a) (*) 
= (^-i)V.((V^„),(t))(a). 

Finally let us prove c). But this is an immediate consequence of b): 

hor (ipa)*^ = hor ('i/'a)*(hor d -|- ver d) = hor ((^/;a)*hor d) -|- hor (('i/'a)*ver d) = ('0a)*(hor d). 
ver ('i/'a)*D = ver (?/;a)=i,(hor d -I- ver d) = ver ((^a)*hor d) -|- ver ((7/;a)*ver d) = (V'a)*(ver d). 

□ 
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8.5. Covariant derivation 

8.19 Definition Let a be a differential /c-form on P witii values in g, i.e. a global 
section of ^p^g ^OsiS) 0- Furthermore, let d be the exterior differential (see Theorem 
lll.39p . Then each connection form lo on P defines a covariant derivative Da 

iDa){\Ji, . . . := (da)(hor di, . . . ,hor d^+i) 

with vector fields di, . . . , dfc+i G r{Tp/s/P). 

Da is a differential 2-form on P with values in g, because hor G JiouiOpi^p^g, ilp^^). 

8.20 Definition Let a; be a curvature form. Then we write O := Dto. 

Doj has some physically important properties which we are going to summarize next. 
For this purpose we need the following lemma. 

8.21 Lemma Let (p : X ^ X' be an isomorphism of S -schemes. Then the exterior 
differential d commutes with (p: 

(l)*d = #*. 

PROOF First, we prove that (/j^Ktt)] = (/)=K[d, to] (see D efinit ion 1 1 1 . 4 1 1 for the notion of 
the commutator). This may be seen as follows: 

(0,d)d(/) = (0*d)((i/) = (r')* (o(r (4f))) = i^-'r {^{d{^*m , 

where the last equality is due to the fact that the exterior differential d coincides with dx/s 
on functions (Theorem lll.39p . and due to the fact that the differential dx/s commutes 
(by definition) with pull-back on functions. Therefore 

((/.*d)d = {^-^)* oVdO(p*, 

where {4>~^)* and <p* both denote the pull-back of functions. Suppressing the index d, 
we obtain 

[</>*d, (/>*»](/) = </>*d(0*tt)(/)) - 0*m(0*d(/)) 

= (0-i)*d(r ((r')*(tt)(r/)))) - ir')M^*{ir'rH<P*m) 

= (0-l)*((dtt, -tt,d)((/>*/)) = (<A*[o,tt'])(/). 



in terms of derivations. Therefore [i?!>*d, cp^^tv] = 0*[d, to] is also true for vector fields. Now 
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we conclude as follows: 

(r'r((0*(da))(oo,...,ffe)) 



k 

^(-1)* {(t)*Vi) (a(0*t)o,...,(/'*l3i,...,(/'*t)fc)) 



+ ^ (-l)*"^-'a([(/)*Oi,(/>*Dj],(/)*do, . . . ,</'*Di, . . . ,</>*t)j, . . . ,(/)=ft)fc) 

o<i<j<k '~y 

k 
i=0 

+ 5Z (-l)*^^'('/'~^)*('/'*a)([Oi,Oi],Oo,...,Oi,...,tti,...,Ofc) 

0<i<j<fc 

8.22 Proposition = Ad(a"^)i7 /or a// S-valued points a G 

PROOF The translation by a is an isomorphism. Recalling the notion of pull-back of 
differential forms of higher degree from Definition 17.201 and using the fact that (V'a)* 
commutes with hor (see Proposition 18 . 181 c) ) . we obtain: 

(^a^)*((C5^)(0,tT3)) = Sl((V'a)*D, (V'a)*tt)) = (do;) (hor d, hor (l/'a)*!!?) 

= ((ia;)(('i/'a)*hor d, (V'a)*hortt)) 

Therefore 

(■0*O)(d,tt)) = ((V'a)*'^'^)(hor d,hortt)) 

= ((i('i/'a)*'^)(hor djhorro) by Lemma 18.211 

= Ad(a~^)(da;)(hor d,hortt)) 

= Ad(a"^)Jl(d,tr). □ 

8.23 structure-equation r2(d,lD) = duj{'o,'m) + [a;(d), Li;(rd)], where [•,•] denotes the 
Lie-bracket of Op (dos{S) (see- Remark \8.13\) . 

PROOF First, let us consider the Lie-algebra valued vector field [a;,a;] which is defined by 
([ti;,a;])(d,rD) := [t(;(d), u;(rD)] — [a;(rd), C(;(d)] = 2[a;(d), u;(id)]. Then we proposition may 
be stated as the following equation of differential forms: 

^l = duj + -^uj , oj\. 

Due to the Op-multi- linearity of differential forms, it therefore suffices to consider the 
following three cases: 
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(i) and tr are vertical: If we set a;(d) =: r (8) tg, then we may write D = a{u{v)) = 
a{r (g) te) = r • a{l ® tg). Then, again due to Op-multi- linearity, it suffices to make 
the proof in the case r = 1; i.e. we may assume that d = a{l ® te). For the same 
reason let Vo = a{l Ug). Thus, by definition of the exterior differential d (see 
Corollary 111.401) . we conclude: 

tr) = \}{u{Xv)) - tT3(Lj(D)) - tt)]) = 0(1 ® Ue) - rD(l ® te) - a;([t3,rD]). 

Now, d(1 Ue) = = 0(1 te), because the derivations and Vo act on constant 
Lie-algebra valued functions. Thus we are done, because u; is a homomorphism of 
Lie- algebras. 

(ii) and tt) are horizontal: In this special case, the statement of the proposition re- 
duces to the definition of O. 

(iii) P is vertical and Vo horizontal: We get 

(da;)(o, vo) = v>{u:{vo)) - vo{u:{'o)) - Vo]). 

Let us explain, why each of the summands is zero. The first one is zero, because 
uj{vo) = due to horizontality of Vo. Therefore, C(;([D,rD]) = [a;(d), C(;(tt))] vanishes, 
too. The second summand is zero due to the arguments already given in {i). □ 

8.24 Bianchi-identity DVL = 0. 

PROOF Notice that 

{d[uj,uj]){u, d, id) = u([L(j,Lij](d, id)) — d([a;, w](tD, u)) + V3{[uj, uj]{u, d)) 

- [u;,u;]([u,d],tD) + [w, w]([u, Id], d) - [a;,6j]([d, id],u) 
= 

if u, d and tD are horizontal vector fields. Using the structure-equation 18.231 and dod = 
(see Theorem 111.391) . we finally obtain 

(DO)(u,d,rd) = (dil)(horu, hord,hortD) 

= (d(ia;)(hor u, hor d, hor tD) + ((i[a;, a;])(hor u, hor d, hor tD) =0. □ 

8.25 Definition = Duj is called the curvature form of the connection w, if ■0*^ is 
horizontal in the following sense: On stalks we can write 

= j;(z.i,0) A(i.,',0) 

i 

where (z^i,0), {v[,Qi) G '^l^]:>ig © ^2^0/5 — ^PxgG/S ^• 

Remark. In the situation of Definition 18.251 the condition il)*VL = X]j(i^i,0) A (fj',0) 
will guarantee that the local field strengths Ti corresponding to (see Definition 19. 4p . 
actually glue to a global field strength which lives on the whole universe. 

In particular, the condition V'*^ = YliA^ii^) ^ {^[1^) be omitted, if one considers 
a gauge theory which is induced by a globally trivial X-torsor P under G. In this case, 
every connection u; gives rise to a curvature form VL := Duj. 
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In this chapter we will finally establish the Yang-Mills theory over commutative rings R. 
Pulling-back the connection form oj and the curvature form $7 (introduced in Definition 
18.161 and Definition I8.25|l to space-time, we are led to the gauge potential A and the 
field strength The main result of this chapter is that the gauge potential and the field 
strength, which are a priori only defined locally (with respect to etale topology) on space- 
time, actually glue to global objects of space-time. This proof will be done by means 
of Grothendiecks theory of faithfully flat descent. Then the Yang-Mills action and the 
Yang-Mills equation may be established over the base scheme S := SpecR, generalizing 
the known classical theory over i? := M. 

More precisely, in our physical applications, R will be a one-dimensional Dedekind ring 
which is also a principal ideal domain. So, we assume from now on that R is of this type. 
As a consequence, the sheaves of relative differential forms over S = Speci? will be free 
sheaves of modules (Theorem Ill.Glj) . In particular, the Lie-algebra g of a group scheme 
over S will be a free C's(5)-module and therefore flat. As usual, let X —> 5 be a smooth 
5-scheme, let p : G ^ S be a smooth 5-group scheme with unit section e : 5 ■— > G, and 
let Gx := G Xs X. Let P be a X-torsor under Gx with group action ^p. Furthermore, 
we assume for physical reasons that X and G are connected. 

9.1. The Maurer-Cartan form 

Due to the connectedness of G, the constant presheaves 

U ^ Os{S) 

are sheaves, and due to flatness, 

U ^ Og{U) ®Os(5) 5 

is a sheaf, too, which we denote by Oq '^Os(S) 0- particular, the direct image of this 
sheaf under p is given by (Oc '^Os{S) fl) = P*^G '^Os{S) Q- We want to find a left- 
invariant differential form G which assigns to every vector field V £ Tq/s{G) the constant 
Lie-algebra valued function 1 (8) Og S C'g(G) <^Os{S) Q where de denotes the value of d at 
the unit element e of G. Q Let us prove that such a differential form exists, and that it 

^More precisely, De denotes the pull-back of D with respect to the unit section e and is then considered 
as an element of the Lie-algebra g (recall Proposition 111. 32|l . 
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is uniquely determined. This is due to the following sequence of canonical isomorphism 
which will be explained below. 

Hom0g(s) (0, Og{G) ®Os(S) 0) = Homo^ (^e*n}./s,p^OG ®Os(s) fl) 

= Homo., (e*nl;/s^P* i^G ^Os{S) 



The first isomorphism is ([Liu], Ex. 5.1.5), the second one is due to the remark in the 
introduction above. The third states the adjointness of the functors p* and p* (Propo- 
sition [TUS]) , and the last one originates from extending elements of the Lie-algebra to 
left-invariant sections (Proposition [TL58]). Also recalling Proposition ll 1 .321 this bijection 
induces a bijection 

^om.Os{s) {{£*'Tg/s){S),Og{,G) ®Os(s) 0) = Homog {Tg/s,Og ®Os(s) 0) 

9.1 Definition The uniquely determined Lie-algebra valued differential form G € 
Homog (Tg/sjOg ®Os{S) 0) corresponding to the C's'(5')-linear homomorphism 

{e*rG/s){S) Og{G) 0Os{s) 

De 1-^ 1 De 

is called the Maurer- Carton form. Thereby 1 G Og{G) denotes the unit element. 
In particular, one obtains 

9(0) = 1 ® e*t3 
for all left-invariant vector fields D S T{Tg/s/G). 



9.2. The field strength of a gauge potential 

In classical gauge theory, gauge fields are described by a gauge potential. The physical 
information is encoded in the associated antisymmetric field strength tensor: For example 
in the case of electromagnetism, the components of the field strength tensor are exactly 
the components of the electric and the magnetic field. Therefore the field strength has 
to be a global object living upon the whole space-time manifold, if the theory claims to 
be physically sensible. 

Let us prove that the field strength is also a global object in our algebraic geometric 
setting of a space-time X{S) consisting of "adelic" space-time points (isomorphic to the 
base scheme 5). 

Let P, X, G and S be as stated at the beginning of this chapter. Let be a gauge 
transformation (Definition IS.lip . and let u := Ug be the corresponding equivariant mor- 
phism (Proposition 18.12]) . Let a; be a connection form (Definition I8.16p . Also recall the 
notion of translation by 5-valued points by means of the group action from 18.10) above. 
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9.2.1. Gauge transformations of the curvature form 

9.2 Proposition Let p £ P be a physical point. Then the stalk of the curvature form Q 
at p transforms as follows under gauge transformations. 

ie*n)p = Ad{u{p)-^)np 

PROOF By definition of u (see proof of Proposition IHTT^ we have got 6 = ipo (id, u). Let 
p : P ^ P resp. u{p) : P ^ G he the constant maps in the sense of Proposition 17.231 
mapping P to the S'-valued point containing p resp. u{p). Writing p := 6{p), we know 
from Proposition 17.241 that at the stalk at p 

{e*n)p = (id,M)>*Op = {p,u)*^*np + {id,uip))*ip*Qp. 

Thus we conclude 

{9*n)p = ruip)^p + {p,urr^p. 

By Proposition 18.221 = Ad(u(p)^^)r2p. Thus it suffices to show that the second 

summand vanishes. As {p,u) = (pxid)o(id,ti), it suffices to show that {px id)* ijj*Q,p = 0. 
But O is a curvature form (see Definition I8.25P and therefore we may write on stalks 

i 

where {n.Q), (i^-,0) e vr*0^^^ t^I^qjs = ^p^^g/s ^- Therefore 

{p X idyr^p = Y.(P X id)*(i/i,0) A (p X idnu[,0) = ^(pV„0) A (pV;,0) = 0, 

i i 

because the pull-back of differential forms under constant morphisms is zero by Propo- 
sition \TTn. □ 

9.2.2. The curvature form in a local trivialisation 

Let TT : P — > X be the canonical projection. Locally in etale topology on X, there 
exists a section s : U ^ P Xx U =: 7r~^(C/) of tt over each point x G X (Proposition 
11.191 and Proposition ll.lSp . We may assume that the torsor P is trivial over U, i.e. 
■K~^{U) = U X s G =: Gfj. If p : G — > S is the canonical morphism and if e : 5 G is 
the unit section, then s induces a section 

s:U^ TT~\U) = U xgG'^U xsS'^U xsG = 7r-\U). 

This section s is called the canonical section. 

Furthermore we will make use of the following morphisms: 
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a) X '■ ''^"^ U Xs G denotes the trivialisation. 

b) pi : U Xs G ^ U and P2 '■ U X5 G — > G denote the canonical projections. 

c) Let K := P20 X. As tt = piox and as x is an isomorphism, we get in particular the 
cartesian diagram 



G 



S 



d) Let m : G X s G ^ G he the group multiplication. Recall from the definition of 
torsors that the trivialisation respects the group actions; i.e. 

K o X = m o (^K X id) 

9.3 Lemma Let s be the canonical section, and let f := ip o [s o ir, k) : P — P. Then 
f = id. 

PROOF There is a commutative diagram 



PxxG^ 

TTl 

P 

Therefore we conclude 

7ro/ = 7ro^o(so7r, «;) = 7ro7rio(so7r, «;)=7roso7r = 7r. 

Furthermore, 

K o f = m o (k X id) o (s o TT, k) = m{K o s o ir, k) 

= m{p2 o X° o (id X e) o (id X p) o ;^ o s o TT, k) 

= m{e o p o p2 o X o s o TT, k) = m o ((e o p) X id) o (k o s o TT, k) 

= P2{K' o s o tt, k) = k. 

Thus (by c)) we know that / is the uniquely determined morphism making the diagram 

U 




7r-\U)--^7r-\U) 




G 



commutative; i.e. / = id. 



□ 
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9.4 Definition Let s : U ^ n ^{U) be the canonical section, let a; be a connection 
form, and let O be a curvature form. Then 

A := 8*10 is called the local gauge potential, and 
:= s*^l is called the local field strength. 

These are differential forms on U with values in the Lie-algebra g. 

9.5 Proposition Let p £ P be a physical point. Then on stalks at p we get the identity 

Op = Ad(Ac(p)-i)(7r*^)p 

PROOF Let {s o tt){p) : P ^ P resp. K{p) : P — > G be the constant maps in the sense of 
Proposition 17.231 mapping P to the 5- valued point containing (so7r)(p) resp. k{p). By 
Lemma [931 we know that ip o {so7r,K) = id. Due to Proposition 17.241 we therefore get 
at the stalk at p 

Qp = (s o vr, K)*ip*Qp = ((s o 7r)(p), k)* 'ip*Q,p + (s o vr, n{p))* ip*Qp. 

Using the fact that {s o tt, n{p)) = (id, k{p)) o s o vr, we conclude 

Qp = 7r*s*'0*(p)17p + {{s o 7r)(p), k)* '4)*9.p. 

Exactly the same argument as in the proof of Proposition [92] shows that the second sum- 
mand ((s o 7r)(p), k)* ilj*Q.p vanishes. For the first summand we obtain with Proposition 

7r*s*i;:^p^np = 7r*s*Ad(K(p)-i)l^p.,(p)-i = Ad{K{p)-')7T* {s*n)^^p) = Ad{K{p)-'){7r*J^)p, 

and we are done. □ 

Let us now choose an etale covering (C/j X)i which trivializes P. For each etale open 
subset Ui ^ X let Xi be the respective trivialisation, and let Si : Ui ^ TT^^{Ui) := 
P Xx Ui be the canonical section of Ki := ^20X1^ 7r~^(?7j) — > C/j. Let vTj : 7r~^(C/j) — > Ui 
be the canonical projection. 

Then we get local gauge potentials and local field strengths 

Ai := s*uj, 
Ti := s*n 

and by Proposition 19.51 we have got 

rip = Ad{Ki{p)~^){Tr* Ti)p for all i. 

Pulling back this identity with the canonical projection Uij := Ui Xx Uj Ui (which is 
an etale morphism), and using the fact that the notion of physical points in stable under 
etale base change (Proposition 17.10]) . it follows that 

Ad{Kj{p)-^){7T*J'j)p = Qp = Ad{Ki{p)-^){7T*J^i)p 
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for all physical points p € TT~^{Uij) := P xx Uij, if we omit restriction signs. As tTj 
and TTj are obtained from the global morphism vr by base change with Ui ^ X resp. 
Uj X, TTi and ttj coincide on Uij, and their restrictions to Uij may both be denoted 
by TTij. Choosing a section s of iTij (which exists, as there are already sections over Ui 
or Uj), and applying this section to the equation above, we obtain for all physical points 
p G ■K~^{Uij) over x G Uij 

kd{Kj{p)-^){T,)^ = kd{Ki{p)-^){Ti)^. 

Recalling from Proposition 111.491 that Ad is compatible with the group law on G, i.e. 

Ad(Kj(|5)) o Ad(Kj(p)"^) = Kd.{Ki{p) ■ Kj{p)~^), we get 

9.6 Proposition Let x G Uj be a physical point. Then (omitting restriction signs), one 
has got 

(.F,). = Ad(pr.i(x))(.F,)x, 
where the family of all pij : Uij G is a 1-cocycle in the sense of Proposition \8.9[ 

PROOF It remains to prove the statement on the morphism pij. For this purpose it 
suffices to show that there exists a morphism pij : Uij — > G such that 

Pij O TT = m O (Kj, L O Kj) 

where vr : 7r^^(C/ij) = Uj Xs G ^ Uj is the canonical projection, where m is the 
group law on G, and where l is the formation of the inverse in G. In order to define 
Pij choose an arbitrary section of G ^ 5. By base change, this induces a section e of 
vr : 7r~^(C/jj) = Uj xs G ^ Uij. Then we set 

Pij := mo (kj, l o Uj) o e. 

This is a 1-cocycle and it remains to prove that pij o -k = m o [m, l o Kj). By the Yoneda 
lemma (Proposition 111.431) . we may check this on T- valued points, where T ^ 5" is an 
arbitrary 5-scheme. It suffices to show that (m o (k,, i o Kj)) (p-g) = {mo {t^i, l o Kj)) (p) 
for all T-valued points p of P and g of G. Using the fact that the trivialization iso- 
morphisms of torsors respect the group action, the following computation indeed shows 
that 

(m o {Ki, i o Kj)) {p- g) = {Ki){p ■ g) ■ {{Kj){p ■ g))~^ 

= {Ki){p) ■ g- g~^ ■ {Kj){p)'^ = {Ki){p) ■ {Kj){p)~'^ 

= {m o {Ki, b o Kj)) {p). □ 
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9. Yang-Mills equation 



9.2.3. The global field strength 

Let us finally prove that the collection of local field strengths (considered in the 
previous subsection 19. 2. 2|) glue to a global field strength living on all of X{S). 

The starting point is the family of etale-local sections where J^i = s*Q, G 

/s(^i^ '^Os{S) S- We already know from Proposition 19.61 that 

(^,), = Ad(/;,r.i(x))(^,)x 

upon Uij for all physical points x G Uij. Using the identification of sections of a locally 
free sheaf and sections of an associated vector bundle, we may interpret J^i as a mor- 
phism fi'-Ui^ ^C^if^/S ®<^s(S) fl)- Therefore Ad{p~j^ (x)) induces an automorphism of 
V(72f/5 ®Os(5) fl)) because Ado : Uij Autc)g_ij„(Lie(G/S')) by the expositions in 
subsection 111.4.31 Due to the above equation, the restriction of the morphisms fj and 
(Ado p^j^)fi to Uij coincide on physical points. Let us denote by X' the X-scheme given 
by the disjoint union 

n ^(^-) 

physical points xGX 

where is the sheaf of ideal corresponding to the closed point x. The etale covering 
{Ui X) induces an etale covering {U^ X') of X' . By construction, the morphisms 
fj and (Ado/3~.^)/j coincide on U-j. As pij is a 1-cocycle, the morphisms (// := fi\u') are 
morphisms of schemes with descent datum. Therefore, by Theorem 111.691 the family of 
morphism (//) descends to a morphism f : X' ^ Y{L*T^^g '^Os{S) fl); where l : X' ^ X 
is the canonical injection. / corresponds to a global section of a locally free sheaf over 
X' and is already the searched global field strength, because set theoretically X' = X{S). 

9.7 Remark As the schemes X,G and P are Neron (Ift)-models, the above calculations 
may be performed as well directly on 5-valued point instead of physical points. All 
results of section [9?2l remain true if the word "physical point" is replaced by "S- valued 
point". 

This way it is possible to construct the global field strength on X{S), where X{S) is 
this time endowed with the following structure of a X-scheme: 

x(.s) = n ^(^")- 

S- valued points a£X{S) 

Thereby, J7q is the sheaf of ideals realizing the image of a as a closed subscheme of X. 

9.3. Yang-Mills equation 

Within this section, let us assume that the torsor n : P ^ X is trivial. Then the field 
strength exists as a global section of ^^^/^ ®Os{S) 05 G ^x/s^"'^) ^Os(S) due 

to our assumption on S. Let s be the canonical section of tt : P ^ X (introduced in the 
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beginning of subsection 19.2.21) . Then we may pull back the covariant derivation D (see 
Definition I8.19P with respect to s to X: 



decomposition s*Qp^g = s*plQ,^^^g(Bs*P2^Q^g = il^^^©p3c \^^*^g/s)^ where e : S ^ G 
is the unit section and where px : X — > S is the canonical morphism. In particular 
Q}^lg{X) ^ (s*r2p^^)(X), i.e. each differential form u G Q}^ig[X) may be written as 
pull-back s*a in our setting. Thus it makes sense to define 

9.8 Yang-Mills equation * Dx * T = Q, 

where * is the Hodge-star operator (Definition lll.42p . Furthermore we deduce from the 
Bianchi-identity [8.241 the following proposition. 

9.9 Proposition DxJ^ = 0. 



9.10 Proposition j^^.(D,tt)) = {dA)x{^,^) + [^a(D), ^^(tf)] for all x £ X. 

PROOF Recalling the definition of the stalkwise push-forward of vector fields by means 
of closed immersions from Remark [7.181 we know that the identity s*t5 = tt* o d o s* holds 
on stalks. Let us first prove that stalkwise s* commutes with the exterior differential 
(recall that this is true globally in the case of diffeomorphisms). One finds on stalks 



for all a £ Q^, 



Dx{s*a) := s*{Da) 
(P) 'i^OsiS) 0- Let us remark that (due to Proposition II. 7p there is a 



PROOF DxJ" = Dx{s*Q) = s*{Dn) = 0. 



□ 



[s*d, s^tv] = TT* o d o s* o vr* o ro o s* — vr* o ro o s* o TT* o D o s* 
= 7r*ot)orDos* — 7r*orDot)os* 



= s*[d,ro] . 



Now we conclude as follows: 



7r*((s*(da))(do,---,Ofc)) 



k 





k 



= ^(-l)V*Oi ((s*a)(Oo, . . . , di, . . . , dfc)) 



+ Yl (-ir+^'vr*((s*a)([di,dj],do,...,0»,...,Oj-,... 



0<i<j<k 



= 7r*((d(s*a))(do,...,0fc)). 
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9. Yang-Mills equation 



As the ring-homomorphism tt* is injective, we obtain the desired commutativity of s* 
with d. Also recalling the structure-equation 18.231 it follows 

IT* tt))) = TT* ((s*0)(d, ro)) = r2(s^,D, s*tt)) = duj{s^'o, s^m) + [a;(s*t)), u;(s*rD)] 
= 7r* I (£d^(d,m) J +[7r*((sM(0)),vr*((sM(0))] 

= TT* ((d^)(D, to)) + [vr* (^(D)) , vr* (^(t)))] 
= TT* ((d^)(t), tt))) + 7r*([^(t)),^(tt))]). 

Once again making use of the injectivity of the ring-homomorphism tt*, we are done. □ 



10. Yang-Mills theory in local 
coordinates 



In the following, let us use the same notations as in chapter [H In particular, we consider 
a datum of an X-torsor P under Gx '■= G Xs X underlying the universe. In order 
to determine the field strength G Q,'j^^g{X) ®Os{S) of a gauge field, it suffices to 
determine all stalks J^x for all x £ X. Thus we may assume that the torsor P is trivial. 

Within this chapter, we will express the global equations governing the gauge field of 
section [93] on stalks. Thus we obtain the Yang-Mills theory in local coordinates. 

For clarity, let us fix some notations: Let the smooth 5-scheme X ^ S underlying 
space-time be of relative dimension n, and let us denote the relative dimension of the 
gauge group G ^ S hy N. Then let 

be a base of Q]^^g{X), 

d 

be a base oiTx/siX), which is dual to {dx^}^^i^ 
{bi}^^i be a base of . 

Then we may write the stalk of the gauge potential and the field strength at x G X in 
the form 

n N 

fi=l i=l 
n Af ^ 

fi,u=l i=l 

with A^^ xi^Ili>,x ^ ^x,x- Recall that we embed Ox,x into a ring of formal power series if 
X is a physical point (see Proposition ll.36|) . Therefore, -^Afj,^x = ^^ji^ for all physical 
points X = (xi, . . . ,Xn) of X, where ^^ji^ denotes the ordinary partial derivative of the 
power series A^^x with respect to the variable x^. The analogous statement is true for 
the components J-^^^^x of the field strength. In order to simplify the notation let us write 
A^^ (resp. J^Jj^^) instead of A^^ x (resp. J-'J^^ x) whenever no confusion is possible. 

Furthermore let us introduce the structure coefficients c^; for the chosen base of the 

N 

Lie-algebra g which are defined as follows: [h^bj] =: Yl ^^ij^k- 
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10. Yang-Mills theory in local coordinates 



10.1. Relations between gauge potential and field strength 



10.1 Proposition Let x & X be a physical point. Then the following equalities hold at 
the stalk at x. 



dA^ _ dA,^ k Ai A] _ _ -pk 



dxP ^ ax" ^ ^x^^ 

PROOF Item a) may be derived as follows: 

N 

2 



^ 1 . 



1=1 



n N 



n N 



d 



d 



dx''^ 
d d 



dx^^ 



d 



dx^^ 



d 



Ml:/^2 = l « = 1 

^ . d d 



d 



dx"^ dx"'^ 
d ( d 



dx''^ ) dx""-^ 



d 



dx"^ 
d 

dx"^ 



I -^x 



dx''^ 



by Proposition 19.101 



d 



d 



idx"^ ' dx"^ 



+ 



d 



d 



i=l 



This is already the desired equation if we make use of the structure coefficients c^j. Item 
b) may be seen as follows. By Proposition 110.41 we get the following equation on stalks: 

= (Z)x^)(Di,e2,e3) 
= dJ^(t) 1,02,03) 

+ [^(t)i),^(C2,03)] + [^(C2), ^(03,01)] + [^(03), ^(01,02)] . 



Choosing 



dxP- 



we are done. 



□ 



In section 19.31 we introduced a canonical notion of covariant derivation on X by pulling 
back a covariant derivation on the X-torsor P under Gx by means of the canonical 
section s. Alternatively we could have used the following less transparent but more 
explicit definition of covariant derivation on X. 
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10.2 Definition Let y be a smooth 5-scheme. Let r/ € Oy^^(y) (dosis) be a g- valued 
differential 1-form, and let •& G Qy/sO^) ^Os{S) be a g- valued differential /c-form. Then 
we denote by [rj, ^] the following g- valued differential {k + l)-form: 

fc+i 

[rj, T9](di, . . . , Ofc+i) := ^(-1)'+^ [r/(Di), t9(Di, . . . , D^, . . . , Vk+i)]- 

i=l 

10.3 Definition Let a be a differential fc-form on X with values in g. Then we define 
the covariant derivation Dxa of a at x S X in the following way: 

Dxct := da + [A, a]. 

Let us use this notion of covariant derivation on X in this section about Yang-Mills theory 
in local coordinates. Then Yang-Mills equation may be written as well with respect to 
the covariant derivation Dx of Definition 110.31 and furthermore one proves: 

10.4 Proposition Let Dx be as in Definition \10.3[ Then Dx^ = 0. 

PROOF It suffices to show the statement of the proposition on stalks, i.e.: {DxJ^)x = 
for all X £ X. Therefore let us perform the following computations in the stalk at x, but 
let us suppress the index x in order to simplify the notation. 

Let u; be a connection form, and let be the corresponding curvature form such that 
A = s*uj and J=' = s*n. Then 

DxJ^ = ds*n+[s*uj,s*n]. 

By Lemma flQ. 51 we know that [s*C(;,s*r2] = s*[a;,0], and furthermore s* commutes with 
the exterior differential d (the latter was shown in the proof of Proposition I9.10p . It 
follows that 

DxJ^ = s*(^dn + [Lu,n]y 

Then the statement of the proposition follows from Proposition 110.61 □ 

10.5 Lemma Let s : X ^ P be a section of the smooth and separated X-torsor vr : P — > 
X under Gx := G x s X . Let rj G r2p^^(i-') ®Os{S) Q be a Q-valued differential 1-form, 
and let € 17py^(P) ^Os{S) 9 be a Q-valued differential k-form. Consider the Q-valued 
differential {k + \)-form 

k+l 

[r/, T9](di, . . . , Ofc+i) := ^(-1)*+^ [r/(Oi), t9(0i, . . . , 0^, . . . , Dfc+i)]. 

i=l 

Then on stalks the following identity holds: 



[S*7],S*{}] = s*[r/,T?]. 
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10. Yang-Mills theory in local coordinates 



PROOF 

7r*(^(s*[7?,??])(di, . . . ,l3A:+l)) = [r?, ??] (s* Oi , . . . ,S*Ofe+i) 



k+1 



^(-l)*+^[7?(s*Oi),7?(s*Ol, . . . . . . ,S*Ofc+l)] 



2=1 
fc+1 



^(-ir+i[^*( (£r?)(M ),^*( (.*^)(Pi,...,P.,...,t),+i) )] 



fc+l 

fc+i fc+i 

(where we used the Lie-algebra structure on Op (8) g introduced in Remark l8.13p 

k+l 
k+l 

i=i j I 

k+l 

= j;(-l)^+i7r* (s*^)(di, . . . , C„ . . . , Ofc+i)] 

i=l 

= 7T*{[{s*r^),{s*m^U---,^k+i)] 
As the ring-homomorphism vr* is injective, we are done. □ 
10.6 Proposition dn + [to, Q] = 0. 

PROOF The structure-equation 18.231 states that Q = duj + ^[u> , uj] . Therefore 

dil + [uj, il] = dduj + -d[u>, u] + [lj, du] + - [u), [uj, u)]] . 

The first summand is zero, because dod = 0. Let us show that the second and the third 
summand add to zero. Due to the definition of the exterior differential (Corollary lll.40p . 
the second summand reads as follows: 

^d[uj,uj]^ (u,o,tt)) = ^u{[uj,uj]{v,xo)) - ^d([w,w](tt),u)) + ^rD([cj,w](u, d)) 

111 

- 2[^''^K[u>o],tt)) + -[w,w]([u,lD],d) - -[a;,a;]([l3,tt)],u) 

= u([w(d),w(m)]) -d([w(tt)),a;(u)]) +tt)([w(u),w(o)]) 

- [w([u,0]),w(n3)] + [uj{[u, tv]),uj{t>)] - [uj{[v,tv]),uj{u)] 
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For the third summand we obtain 



[uj,duj]{u,'o,m) = [a;(u), ((iw)(t),lt))] - ((ia;)(u, ro)] + [uj{tt>), {duj){u,'o)] 

= [u;(u), ((itc;)(ti,tt))] + (da;)(tr, u)] + [u;{to), {dw){u,o)] 

= [w(u),0(a;(n3)) -a;([0,lD])] 

+ [a;(t)),tt)(w(u)) -u{Lj{tv)) -Lj{[tv,u\)] 

+ [w(tt)),u(w(o)) -t)(w(u)) -w([u,0])] 
= [w(u),c((j(tt3))] - [w(u),tr(w(o))] - [w(u),oj([i3,m])] 

+ [w(D),tt)(w(u))] - [w(o),u(w(tt)))] - [a;(o),w([lD,u])] 

+ [w(tt)),u(w(i3))] - [w(m),i3((j(u))] - [uj{tv),uj{[u,X}])] 

[uj{u),X>{uj{to))] + [o(w(u)),a;(ra)]) - [u;(u), m])] 



+ (^[u;(c),tt)(u;(u))] + [m(L<j(o)),w(u)]j + [c^(e), tj([u, m])] 
+ ([^^(tt'),u(w(e))] + [u{uj{tv)),uj{v)]j - [u{tv),u{[u,t>])] 

The derivation u on Op 0Os{S) S is by definition of the form u = (81 id, where is a 
derivation on Op. An analogous statement is of course true for d and to. Recalling the 
Lie-algebra structure of Op (X'c'g(s) from Remark 18.131 we see that the equation 



u{[a,b]) = [u{a),b] + [a,u{ 



(*) 



holds for all a,6 G Op <2)Os{S) 0- Thus we find indeed ^d[uj,u!] + [wjC^lli] = 0, and it only 
remains to prove the relation (*). Writing a = /« and b = gj ® Sj this may 
be seen as follows: 

u{[a,b]) = uQ^/i Ori,^gj O s^- ^ = ^(tu O id) Q/j O r^, gj gj^ 



X] ^"(•^») ■ 5'j ® Sj] + ^fi- ^u{9j) ® [ri, Sj] 

i,j id 

[ X] ^(-^^ ^ri),^ Qj Sj] + [ ^ /i 8) rj, ^ U(5rj Sj 
i j i 3 

[u(a),6] + [a,u(6)]. 



Let us finally prove that also [u, [w, tj]] = 0. This follows from the Jacobi-identity of 
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10. Yang-Mills theory in local coordinates 



Lie- algebras: 

[uj, [uj,uj]]{u,V,Xo) = [uj{u}, [w,w](o,tt))] - [w(t)), [uj,uj]{u,xv)] + [uj{xv), [uj,uj]{u,)3)] 

= 2[uj{u), [uj{v),oj{tv)]] - 2[lj(o), [lo{u),uj{xv)]] + 2[L^(lt3), [w(u), tj(0)]] 

= 2([a;(u), [a;(t)),a;(m)]] + [uj{v), [w(tt)), a;(u)]] + [a;(tt3), [w(u), 

= 0. □ 



10.7 Remark Let a be a differential A:-form on the X-torsor P under Gx, and let u 
be a connection form. Then the results of this section motivate the following alternative 
definition of covariant derivation on P. We define the covariant derivation Da of a with 
respect to uj by the formula 

Da := da + [to, a]. 

In particular, Lemma flO. 51 and the commutativity of the exterior derivation d with pull- 
backs under closed immersions (see proof of Proposition I9.10|) show that this definition 
of the covariant derivation D on P yields the identity 

Dxis*a) = s*{Da), 

where s : X P is a section of vr : P — > X, and where Dx is the covariant derivation 
on X in the sense of Definition 110.31 Thus the covariant derivation Dx on X may again 
be interpreted as pull-back of the covariant derivation D on P. 



10.2. Yang-Mills equation in local coordinates 

Let g : Tx/s '>^xTx/s ~^ ^x the metric which may be considered as well as a Ox{X)- 
bilinear homomorphism g : Tx/si^) ^'^x/si-^) — ^ ^x{X) due to our expositions at the 
beginning of section 111.31 In particular, we obtain a family of Ox,x-bilinear morphisms 

9x ■ '^X/S,x X '^X/S,x ^ C>x,x 

on stalks for all x G X which may also be considered as a family of Ox.x-hnear isomor- 
phisms g^ : Tx/s,x ^ ^x/s,x- One has got g,,,,^^ := g^ (^-^^ = Yl'^^i gfip,xdxP(^-£;, 
i.e. 

d " 
p=i 

Then the inverse map g-'^ : ^x/g^^ '^x/s,x is given hy ^ = Y,'^^^ g^p^^g-^{dxP). Let 
gx'^ be the components of the inverse matrix of {gij,u,x)ij,u, i-e. YTp=i 9iJ.p9^" — ^p- Then 



10.2. Yang-Mills equation in local coordinates 
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Again, let us write g^^ (resp. g'^'^) instead of gf^u,x (resp. gH'^) whenever no confusion is 
possible. Now we are prepared to derive the Hodge-star operator in local coordinates. 
Let a G r2^y^(X) be a differential fc-form on X. Then by Definition 1 1 1 .421 we have got 

*a:= {A''g-^){a)\vg. 

Writing 

1 " 
■ /xi,...,/ifc=i 

where the coefficients ot^^^^-.-t^k ^'^^ totally antisymmetric, we obtain the first part of the 
Hodge-star operator 

/^l,...,/ifc,!/l,...,/^fc = l 



Let us now choose a volume form (which exists due to Theorem lll.6ip . As we are working 
with respect to etale topology, the local rings Ox,x are strictly henselian. Therefore 
\/ det gx G Ox,x-, where det denotes the determinant of the matrix {gi_iu,x)iiu- Then 



Vg,x '■= V det gx dx^ A ... A dx"' 

is a volume form which is independent of the choice of the base {dx'^}^^^ of ^x^g x- 
obtain 

1 ^ ,„ .,1 , / 9 d 



n 

Vd^xg^'"' ■ ■ ■ g''""'a^,...^,idx' A ... A dx") ( 



kl ^ v-^^x^ ^ ^m-wv— '\dx^^''"' dx^ 

lJ.l,...,tlk,l^l,--;l^k = ^ 
1 " , 

- Vd^^g^'^' ■ ■ ■ g''""'<^,....,k E ^-^^1'^ • • • ^^"i"^ 

' ^J■l,■■■,^J■k,>^l,■■■,>^k=^ 7re5„ 



— : ^vi...i^n 

1 " 

= kUn-k)\ S Vd^^9''''---g''''''e,,...,„a,,...,,. 

lll,...,llk,Pl,---,Pn = l 

■idxP^+^ A...AdxP")( ^ ^ ,...,-^) 
and we may summarize as follows. 

10.8 Proposition Let x & X be a physical point, let a S O^y^(X) be a differential 
k-form, and let * be the Hodge-star operator. Then the following equation holds at x: 

1 " 

" k\(n-k)\ ^ ^/deigxg^'P' ■ ■ ■ g'"'''ep,...p„a^,...^JxP''+' A ... A dx^" 

/ii,...,/ifc,pi,...,p„=i 

1 " 

= k\(n-k)l ^ x/dit^ep,...p„a''-^^cix'"'+i A ... A dx^- . 
Pi,...,p„=i 
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10. Yang-Mills theory in local coordinates 



10.9 Yang-Mills equation Let x ^ X he a physical point. Then the Yang-Mills equa- 
tion at X reads as follows: 

1 O 



0= E [-7^Q^[y^^9''9'''^'p) + E^y''9'''-^^np 

^^,P,a=l Waet^^ ox .^.^^ 
(where v and k are non- contracted indices). 

PROOF Due to Proposition 110.81 the Hodge-star of the field strength at x is 

^*-^)^' = 2!(n-2)! E Vd^.g^"''g'''''e,„..p„J^,,^,dxP^^ A ... A dx^". 

l^l,^l2,P\,■■■,Pn = l 

By Definition 110.31 one has got 

{Dx{*J^))x[^P2, ■ ■ ■ , S^) ^ ■ ■ ■ , S^) 

n 



dx^i ) • • • ) dx^'i ' • • • ' dx'^ri l\ ■ 

i=2 

The first summand on the right hand side is 

1 " 9 

= 2!(n-2)! E 9^(^/d^5'^^'^9'^^''^^Pl...P.•^mM.)^^''' ^ ^ • • • ^ 

A'l,A'2,A»3,Pl viPn = l 

and the second one may be written as follows: 

n 

^(—1) \Ax{-^ur), i*J^)x{g§^, • • • , -g§Fr, ■ ■ ■ , aJ^)] 

AT n 

i,j,k=l L=2 
N 

i,j,k=l 

Thereby 

n 

J2 V^x9^'P'9^-'P''ep,...p,^A%^J^l^^^dx^'-^ A dxP-^ A • • • A dx"" 



1 



2!(n-2)! 

Pl>P2,P3,Pl viPn = l 

due to the above expression for After substitution of these relations into the above 

formula for {Dx{*^))x, we finally have to apply the Hodge-star operator, in order to 
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obtain the differential form occurring in Yang-Mills equation. {Dx{*^))x is a differential 
(n — l)-form, and thus the Hodge-star of this form is the following differential 1-form: 



N N 



k=l i,J=l 

N 



■'^ k=l 



Ml,A'2,0-2,PlviPn:l'lv,i'n 



A;=l /il,/ti2,Cl,0'2,<T3,pi,...,p„ 

' 

={detgx )-ea-ia-2P3.-.pn 

(where we also made use of the relation g"^^^^ ga^a^dx"^^ = S'^^^dx'^^ = dx'^^) 
1 ^ 1 

^ ^ fe=l IJ-l,l^2,Cri,a2,a3,pi,P2 ^ P3,-,Pn 



'"Pl "P2 "P2 "Pl 



d 



N 



^ ' k=l /il,/i2,0-l,CT2,0-3,pi,P2 ^ ^ 



det^.^'^i''^^'^^''^^^^^,) + E 4Vdit^5''^''^5'^^''^^^2-^^M2)^^"' 



1 ^ 1 

"TTOV E E 9aia3 



^ ' fc=l /Ul,M2,0-l,(J2,0-3 ^ 

■ (5^(^^^'^''''^'^'''^i/^2) + E c%^f^:.g^^'^-g^-'^-A\,Ti^^^dx'^\ 



because ^'p[5"p\ — ^"p\^1\ yields a factor 2 due to the antisymmetry T'^^^ = — ^^^j of the 
field strength. As {dx^Y^^^^ forms a base of as forms a base of g, and 

due to the fact that the metric {g^u)^^ is an isomorphism, we see that the Yang-Mills 
equation reads as claimed. □ 
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In ordinary (i.e. M-valued) Yang-Mills theory, gauge fields are described by co-vector- 
fields. If we want to generalize the M-valued, differential geometric Yang-Mills theory to 
arbitrary commutative rings R (or even base schemes S), we therefore have to supply 
the notion of the tangent bundle in the realm of algebraic geometry. In this chapter [TT] 
we are going to recall some fundamental results which we will make use of later. First we 
remember of the more special notion of Zariski tangent-vectors, and then we will recall 
the general notion as it is found in [SGA 3]. 

As the gauge group in classical Yang-Mills theory is given by a Lie-group, we have to 
introduce the notion of group functors. In regard to Yang-Mills theory it is particularly 
important that the maps Ad and ad have algebraic geometric analogues. 

11.1. The Zariski tangent space 

11.1 Definition a) Let X be a scheme and x £ X. Let m^,. be the maximal ideal 
of Ox,x and k{x) = Ox,x/ be the residue field. Then mx / = rria; (^^Oxx^i^) 
is in a natural way a /c(x)-vector space. Its dual (m^; / m^)^ is called the Zariski 
tangent space to X at x. We denote it by Tx^x- 

b) Let / : X ^ y be a morphism of schemes, let x G X, y = f{x). Then fx '■ Oy^y 
Ox,x canonically induces a /c(x)-linear map 

Tf,x ■ Tx,x Ty.y ®k{y) k{x) 

the tangent map of / at x. 

If X —> 5 is a smooth morphism, then X is regular, i.e. dim Ox,x =<i^''^k{x)Tx,x for all 
X G X. Let us see that we are reduced to the ordinary differential geometric notions in 
the standard situation of classical physics. 

physical interpretation: Let S = Spec M and let X = V{f) ^ be smooth over S 
(e.g. / = J27=i X'i - 1) i-e- = (n - l)-sphere). Let x G X(M) be a closed point. 

Then each irreducible component of X has the same dimension ([Liu], 2.5.26). So we 
may assume that X is irreducible. Then we get: 

dimOx.a; = dimX = dimAj^ — 1 = dim SpecM-|-n — 1 = n — 1. 

=0 

The first equality is due to [Liu], Cor. 2.5.24, the second one is due to [Liu], Cor. 2.5.26, 
and finally the third equality follows from [Liu], Cor. 2.5.17. Therefore, dim^Tx^x = 
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n — 1. Furthermore, if we write the polynomial / in the form / = /(Ti, . . . , r„), one has 
due to [Liu], Prop. 4.2.5 



Thus Tx,x is really the tangent space in the classical sense. 

Important is the following theorem which justifies the notion of physical points (see 
Definition 16. 9p . Let us stipulate that we denote the dual of a vector space V by V'^ . 

11.2 Theorem Let f : X ^ S be a smooth morphism, s £ S and x G Xg dosed. Then 



Remark: By the preceding theorem we establish the desired duality of tangent and 
co-tangent vectors at physical points. 

11.3 Definition a) Let {A, m) be a regular noetherian local ring of dimension d. Any 
system of generators of m with d elements is coordinate system for A. 

b) Especially if X — > S is smooth, Ox,x is a regular noetherian local ring. A local 
coordinate system at x G X is a coordinate system for Ox,x- In particular, the 
residue class of a local coordinate system at x £ X gives rise to a basis of the 
tangent space Tx^x and conversely by Nakayama's lemma. 

11.2. The tangent bundle 

Let us now summarize the construction of the tangent bundle following [SGA 3]. We will 
see that, in physical points, this definition reduces to the Zariski tangent space. But it is 
designed in such a way that it also preserves all classical properties of the tangent bundle 
(like the duality between tangent and co-tangent vectors one is used to from differential 
geometry) in non-physical points, too. Therefore we will use this notion for our purposes. 

11.4 Definition Let 5 be a scheme and M. a quasi-coherent O^-module. Let DogiM.) 
denote the quasi- coherent O^-algebra Os © M (where is considered as 05-algebra 
via the definition M ■ M = 0). Then 




i^X/S ^Ox.. Hx))'' = Tx^,x © {^l(x)/Hs)) 



Especially for physical points we get 



i^x/s H^W = Tx.,x- 



PROOF [Liu], Ex. 6.2.5 



n 



Is{M) := Spec Do,{M). 



In particular we define: 



Is:=Is{Os)- 
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11.5 Definition Let 5 be a scheme. For all Og-modules T we define the functors V{T) 
and W{J^) upon (Sc/i)/50by: 

■.= Bomo,,{:F^Os',Os') 

11.6 Definition Let 5 be a scheme and X an 5-functor. We say that X verifies (E) 
relative to 5, if for all S' — > 5 and for all free Os'-modules of finite type Ai and M the 
commutative diagram 

X{Is'{MeAf)) 

/ \ 

\ / 

X(5') 

obtained by applying first Ig' and then X to the canonical commutative diagram 








is cartesian. (Recall that /^'(O) = S' .) 

Remark: If X is an S-scheme, it verifies condition {E). In the situation of Definition 
111.61 we will sometimes simply say: XjS verifies {E). 

11.7 Definition Let 0_ denote the functor 

5^r(s,Os) 

provided with its structure of an (S'c/i)-ringll In particular 0_ is represented by the 
scheme Spec Z[r] = A|. This induces by base change over TL an affine 5- ring which we 
denote by 0_g. 

Now we are prepared to introduce the tangent bundle. 



^ (Sch) denotes the category of schemes, and (Sch) / S denotes the category of S'-schemes, i.e. the objects 

are schemes X which come with a unique morphisms X — > S 
^If £ denotes a category, then £ denotes the category of contravariant functors on £. 
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11.2.1. The tangent bundle as a functor. 

11.8 Definition Let 5 be a scheme and M. an Os-module of finite type. Let f : X ^ S 
be a scheme over S. The relative tangent bundle of X over S relative to M. is the S- 
functoJl 

Tx/siM) ■.= BomsiIs{M),X). 

The relative tangent bundle of X over S is the 5-functor 

Tx/s ■■= Tx/s{Os) = Hom5(/5,X). 

M. Tx/si-M) is a covariant functor from the category of free Os-modules of finite 
type to the category of 5-functors. In particular, we get two canonical morphisms of 
5-functors: 

1. ) structure morphism: Tx/s{-^) ^ 

2. ) zero section: X Tx/si-M.) 

induced by the canonical morphism — > and ^ (recall: Tx/s{^) — X). 

11.9 Proposition Let Is ■= Is{Os). Then there is an isomorphism of X- functors: 

x' 

PROOF Let X' — > X be an object of {Sch)/X. Then 
Boms{Is,X){X') = X{£o,,)-\x') 

in (bch)/X 

= Homo^, {{x')*0,x/g, Ox') by [SGA 3], Expose II, Prop. 2.2 
= V{Q}x/s)iX') by Definition [miJ 
In particular, M. Tx/si-^) is already a covariant functor 

(free Os — modules of finite type) ~ functors) 

M ^ Tx/s{M). 

11.10 Definition Let u G X{S) = T{X/S). The (relative) tangent space of X over S 
at u relative to M. is the 5-functor 

^For all S'-functors Q and for all S-morphisms S' ~* S one has got by definition 

Homs(.^,g)(5') := Horns, (.Fs,,es'), 
where Ts< (resp. C/s') denotes the restriction oi T (resp. 5) from (Sch)/S to {Sch)/S' . 
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given by the inverse image of the X-functor Tx/s{-^) under the morphism u : S ^ X; 
i.e. we have a pull-back diagram 

L'jc/si^)^Tx/s{M) 



S ^ X 

The (relative) tangent space of X over 5 at u is the /S-functor 

11.11 Proposition The functors Tx/si-M.) and L^^^(A^) are functorial in X: If f : 
X ^ X' is an S -morphism, then there are commutative diagrams: 

Tx/siM) ^ Tx^,s{M) Ll^si^) L^/si^) 



X X' s' 

PROOF [SGA 3], Expose II, Prop. 3.7 □ 

11.12 Remark If f : X ^ X' is etale, the above square is cartesian. In general there 
is a morphism of X-functors|l| 

Tx/siM) ^ {Tx>/s{M))x. 

The morphism rx/5(A1) ^ {Tx'/s{M))x (resp. L'j^/giM) it^J'^^iM)) is a morphism 
of Ox-niodules (resp. Cg-modules) \i X/S and X' / S verify {E). 

11.13 Proposition Let X andY be two functors above S. Then there are isomorphisms 
which are functorial in M. . 

Tx^sY/s{M)^Tx,s{M) xs Ty,s{M) 

PROOF [SGA 3], Expose II, Prop. 3.8 □ 

11.14 Proposition If X/S and Y/S verify (E), then X xs Y/S verifies {E), too, and 
the above isomorphisms are compatible with the module- structures. 

PROOF [SGA 3], Expose II, Prop. 3.8.bis □ 



''Let X X' he & morphism and let T he & X'-functor. Recall that we denote the restriction of T to 
an X-functor by J-x- 
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As Horn commutes with base change, we get 

11.15 Proposition The formation ofTx/si-M.) and L'^^^^M) commutes with base change: 
Let S' — S. Then there are isomorphisms functorial in M: 

Tx^,/s'{M®Os') [Tx/siM)]s' 

Lxs,/S'{M ® Os') ^ [L\/s{M)]s', where u' := u{s). 

PROOF [SGA 3], Expose II, Prop. 3.4 □ 
11.2.2. The tangent bundle as a scheme. 

Let be a ring, M a i?-module. Consider the symmetric algebra S{M) := Sr{M) 
defined by the following universal property: For all commutative i2-algebras A there 
exist a commutative diagram: 

M^S{M) 
A 

i.e.: 

ilomR{S{M),A) = HomK_,in(M, A). 

Let now {X, Ox) be a scheme and let £ he a Ox-niodule over X. Then an open subset 
U C X induces a r(f7, Ox)-niodule S(T{U,£)), and thus a presheaf of algebras 

U^S{r{U,S)). 

Let S{£) := Sqx {^) be the sheaf associated to this presheaf. Then S{£) has the following 
universal property: For all Ox-algebras A and for all homomorphisms £ ^ A Ox- 
modules there exists a commutative diagram 

£^S{£) 
A 

is a functor {Ox-niodule sheaves over X} — > {Ox-algebras over X}. It has the 
following properties: 

a) S{£)^ = S{£^) for all x G X; 

b) S{£ ® = S{£) ®Ox SiJ"); 

c) SoAOx) = Ox[T] := Ox ®z Z[r]; 
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d) Sif*J^) = f*S{r) for all morphisms / : {X,Ox) ^ {Y,Oy) ; 

e) S{M) = S{M) li X = Spec^ is affine and if £^ = M is associated to an A-module 
M. 

11.16 Definition Let 5 be a scheme and £ a quasi- coherent O^-module. Then 

Y{£) := Spec5os(f) 
is called the vector bundle associated to £. 

Let now / : X ^ 5 be a morphism of schemes. Due to the universal property of Sos{£) 
there are canonical bijections: 

Hom5(X,V(^)) = Homog(5(0,/*Ox) 
= Homc,^ Ox) 
= Homo^_ii„(/*f,Ox), 

where the last bijection is due to Proposition 17.151 By means of these equations, we 
deduce the following theorem. 

11.17 Theorem The sheaf of S -sections ofY{£) is in canonical bijection with the dual 
:=Emna^{£,Os) of £ . 

Especially, if X = {^} is the spectrum of a field the structure-morphism f : X ^ 
S corresponds to a monomorphism k{s) ^ K, where s := f{(,)- The set of all 5- 
morphisms {^} Y{£) are the points of Y{£) with values in the field extension K of 
k{s) (and in particular they are elements of the fibre tt~^{s), where vr : Y{£) ^ S is the 
structure-morphism). By the above, this set is in bijection with the set of Ox-niodule- 
homomorphisms f*£ — > Ox = K ■ Now, 

f*£ = {f*£)^ = £s ^Os,s K = £s/ms £s 0kis) K. 

Thus we deduce the following one-to-one correspondence between sets: 

i i > RoiRK {£s/ms£s0k{s) K,K) 

. {s} S } 

= Homfc(^) {£s/ ms £s, k{s)) (gj^j-^) K (if £s/ms £s or K is 

finite-dim. over k{s)) 

= {£s/ms£s)'^ (^kis) K. 

11.18 Proposition The association £ ~^ Y{£) is a contravariant functor 

Y: (quasi-coherent Os-modules) (affine S -schemes). 
It has got the following properties: 
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a) Y{£) is of finite type over S if £ is an Og-module of finite type. 

b) v(£:©^) = V(^:) XsV(^). 

c) Y{g*£) = Y{£) xsS' for all morphisms g:S'^S. 

d) Y{!F) ^ Y{£) is a closed immersion if £ ^ !F is a surjective morphism of quasi- 
coherent Ox -modules. 

PROOF [EGA II], Prop. 1.7.11 □ 

Now we use this general construction in order to define the tangent bundle. We will 
see that sections of the tangent bundle are indeed linked with derivations and actually 
provide a generalization of the differential geometric notion of vector-fields. 

11.19 Definition Let / : X — > 5 be a morphism of schemes. Let ^ be a Ox-module. 
A homomorphism of sheaves of additive groups 

P : Ox ^ ^ 

is called an 5-derivation of Ox into !F if and only if: 

a) For all open subsets V C X and each pair (ti,t2) of sections of Ox above V one 
has: 

V{ti ts) = ti ■ V{t2) + V{ti) ■ t2. 

b) For all open subsets V <Z X , each section t of Ox above V and each section s of 
Os above an open subset U C S such that V C f~^{U), one has 

V{s\v -t) = s\v -Vit). 

11.20 Remark a) In the situation above V : Ox — > is an iS-derivation if and 
only if for all x € X the homomorphism of additive groups : Ox,x ^ .?^x is a 
05j(a.)-derivation in the ordinary sense. 

b) The 5-derivations of Ox into form a r(X, Ox)-niodule Der gfOy , .F). 

c) Let = Ox- An 5-derivation of Ox into itself is simply called an 5-derivation of 
Ox. 

11.21 Proposition Let f : X ^ S be a morphism of schemes and dx/s ■ C'x ^x/s 
the canonical S-derivation (see our exposition following Remark \l.^) . Then for all Ox- 
modules T there is a canonical isomorphism of T{X, Ox ) -modules: 



u ^ uo dx/s 
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PROOF We may check the statement on stalks, but then the statement reduces to the 
defining universal property of ^x/g^^ x G X, by Remark 111. 201 a). □ 

Remark: Due to the pointwise characterization of 5-derivations, the presheaf 

U^DeTs{Ou,J'\u) 
is already a sheaf. This Ox-niodule 

Der5(Ox,^) 

is called the sheaf of S -derivations of Ox into J^. Thus we may restate the above 
proposition as follows: 

11.22 Corollary For all Ox-modules T the homomorphism of Ox -modules 

u ^ Ud-=uo dx/s 

is bijective. 

11.23 Definition The dual Tx/s of the Ox-niodule ^x/s called the tangent sheaf of 
X relative to S. By Corollary 1 1 1 .221 we can write: 

Tx/s ■■=Eoma^{n],/s,Ox) = 'Ders{Ox,Ox). 

Therefore we see how the tangent bundle must be defined. 

11.24 Definition The tangent bundle Tx/s of X relative to S is 

Tx/s ■■=n^x/s)- 

This is well-defined, because the sheaf of relative differential forms ^x/s is a quasi- 
coherent Ox-modulell 

11.25 Remark Recalling Theorem 111.171 we see that there is a canonical bijection 

TiTx/s/X)^ RomoA^x/S'^x) = r(X,T^/s). 

In this bijection, which is compatible with restrictions, we may replace X by an open 
subset U C X. Thus we conclude: There is an isomorphism between the tangent sheaf 
Tx/s of X relative 5 and the sheaf of germs of X-sections of the fibre bundle Tx/s of 
X relative S. This means that vector fields are indeed given by sections of the tangent 
bundle as we are used to from differential geometry. 

^It is admissible to use here the same label Tx/s for the tangent-bundle as in Definition lll.81 because 
due to Proposition 111.271 both notions coincide if the functor X is representable by a scheme. 
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But let us finally prove that this notion of vector fields actually reduces to the classical 
differential geometric notion. We do so by considering the tangent space at physical 
points (see Definition 16.91) . Consider the special case of a commutative diagram 

{^}c ^Tx/s 



{xY 



X 



where x £ X and ^ G Tx/s are points such that k{x) = k{^). Let Tx/s{x) denote the set 
of these diagrams; i.e. Tx/si^) is the set of x-valued points of Tx/s- By our exposition 
preceding Proposition 111.181 we already know that: 

Tx/s{x) = 'Rom.k{^){9}xig®k{x), k{x)) 



On the other hand we saw in Theorem II 1 .21 that there is also a bijection 

Txs,x = Homfc(^.)(i7^/<. k{x), k{x)) 

in terms of the Zariski tangent space at x, if / : X ^ 5 is smooth and if x G X is a 
physical point. This yields indeed Tx/si^) = Txs,x in physical situations. 

11.26 Definition Tx/six) is called the tangent-space of X at x relative to S. 

Finally let us remark that this notion of the tangent bundle and of the tangent-space 
in terms of schemes as given above is a special case of the notion in terms of functors 
which was introduced in the preceding subsection 111.2.11 Both notions coincide if the 
considered functors are representable by schemes: 

11.27 Proposition Let X be an S-functor which is representable by an S-scheme X 

S. Let Tx/s (resp. Tx/si-M.)) denote the relative tangent bundle in the sense of Def- 
inition Ul.Si Then Tx/si-M) and L^y^(A4) are representable. In particular, we can 
write: 

Tx/s = n^x/s) 

PROOF [SGA 3], Expose II, Prop. 3. 3 □ 

11.28 Remark Within the setting of Proposition [TT.27I let u be the canonical inclusion 
u : {x} ^ X corresponding to a point x G X. Then there is a bijection 

L^x/si{^})=Tx/s{x). 

In particular, it is justified to label L^^^ as tangent space at u as we did in Definition 

nrrni 
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Using the properties of fibre bundles, which are stated in Proposition 1 1 1 . 181 we conclude 
as follows. 

11.29 Remark a) Let f : X ^ Y he an S'-morphism of schemes and let /*Qy^^ 

^x/S induced morphism pull-back morphism (see Definition II. 3|) . Then, 

due to the identity V(/*r2y^^) = Y{Q\^^g) Xy X, the pull-back morphism gives rise 
to a canonical morphism induced by /: 

Tx/sU) ■ Tx/s Ty/s xy X. 
If g : Y ^ Z is a second 5-morphism, we get 

Tx/sia ° f) = {Ty/sia) X idx) ° Tx/sU)- 

b) For all base changes S" ^ S" we get an isomorphism: 

Tx'/s'^^ Tx/s S' = Tx/s xx X', 
where X' := X x s S'. If x' G X' lies over x £ X, we get 

Tx'/S'{x') = Tx/s{x) Ofc(x) Hx')- 

c) Let / : X ^ y be an 5-morphism, let x G X and y := f{x). Then 

f*^y/S ®Ox,^ Hx) = ^y/s ®OY,y C>X,x ®Ox,^ K^) = {^y/S ^Oy.y Hv)) ^k{y) Hx). 

If ^Y/g is a Oy-module of finite type (which will be the case in the situations we 
are going to consider), we have an isomorphism 

f*ril 



Homfc(^)(/*17y/c; ® k{x), k{x)) = Ty/s{y) 0kiy) Hx) 

Y/S 



because k{y) — > k{x) is flat. Thus the pull-back of differential forms f*Q^ 



^x/s gi'^^s rise to a homomorphism of A;(x)-vector spaces 

Tf,x ■■ Tx/six) Ty/siy) <^k(y) Hx), 

called the tangent map of / at x. At physical points this definition coincides with 
the former Definition 1 1 1 . II b) . 

As the sheaf Horn occurs in a canonical way if we consider vector bundles (like the relative 
tangent-bundle), we finish with a collection of some properties of Hom which might be 
useful. 

11.30 Proposition Let {X,Ox) be a ringed space and let £ be a locally free Ox-module 
of finite rank. We define the dual of £, denoted £^ , to he the sheaf of Hom ^p „ (£,Ox). 
Then the following assertions are true: 
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a) {S^Y 

b) For any Ox -module T 

c) For any Ox -modules J-,Q 

Homn^ (g .F, = Homro^ (.F, Hom.o., (£, G)). 

d) (Projection Formula): If f : (X, Ox) O^-iOy) is a morphism of ringed spaces, if 
T is an Ox -module, and if £ is a locally free Oy -module of finite rank, then there 
is a natural isomorphism 

f*{^^Ox f*£) = f*:F^Oy£- 

e) Lei X he a noetherian scheme, let J- be a coherent sheaf on X , let Q be any Ox- 
module and let X £ X be a point. Then we have 

for all z > 0, where the right-hand side is Ext over the local ring Ox,x- 
PROOF [Har], Chap. II, Ex. 5.1 and [Har], Chap. Ill, Prop. 6.8 □ 

11.31 Proposition Let X = Spec A an affine scheme, and let J^,Q be Ox-modules. 
Then the canonical map 

Homo^(J-,a) ^ HomA(^(X),e?(X)) 
is bijective if J- is quasi- coherent. 

PROOF [Liu], Ex. 5.1.5 □ 

11.32 Proposition Let X be a scheme and let £ be a locally free Ox-module. Then the 
sheaf Horn commutes with pull-back, i.e.: 

a*f V ^ {a*£Y 

for all morphisms a :Y ^ X. Especially, if p : X ^ S is a smooth S-scheme, ifY = S, 
if a : S "-^ X is a section of p and if £ = ^x/S' ^^^^ isomorphism is canonical. 

PROOF If a is flat, one knows that the canonical morphism 

Q*£^ — > (a*f if® a- if), 
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(p{e ® a) := 99(e) ® a, is an isomorphism (see e.g. [Liu], Ex. 1.2.8). Also if p is not flat, 
one can construct an explicit inverse of the canonical morphism above. In our physical 
situation p : X S will be a smooth 5-group scheme (see Definition lll.46|) . £ will be 
the module of difl'erential forms ^^^^5, and a : S ^ X will be a section of p. So we will 
only perform the proof in this case, because then no explicit construction is necessary. 
We may simply apply the general theory: Recalling that a = Tq, o e, where e is the unit 
section and where is the isomorphism given by left-translation with a (see subsection 
lll.4.4|) . and evoking Proposition 1 1 1 .581 we get canonical isomorphisms 

because p is flat due to smoothness. Applying the pull-back functor a* and using the 
fact that a*p* = (po a)* = id* we are done. □ 



11.3. Differential p-forms and the exterior differential 

We already introduced the sheaf ^x^g of differential 1-forms in the beginning of section 
II. 1[ In the previous section [Tl.2l on the tangent-bundle, we recognized differential forms as 

sections of the tangent-bundle: If we denote by Tx/s '■= (^^x/s) SsiSOx 

the dual of ^x^g (i.e. the sheaf of vector fields), then in accordance with Definition lll.241 

we define the tangent-bundle Tx/s ^^id the cotangent-bundle as follows: 

Tx/s ■■= ^i^'x/s) n/s ■■= VC?X/5)- 

Vector fields and differential forms may be identified with sections of the respective 
bundles (see Theorem Ill.lTj) : 

rx/s[X) = TiTx/s/X) ^\/s{X) = T{T*x/s/X) 

As already exposed in section 14.31 a global section uj of some tensorpower ^'^/g of ^\/g 
may be interpreted as a "multilinear" morphism 

^ '■ Tx/s xx ■ ■■ xx Tx/s ^x ■ 
This morphism is multilinear in two regards: 

a) pointwise multilinearity: Let S = Speci? be an affine scheme, and let X be a smooth 
and separated 5-scheme. Consider an S-valued point a : S ^ X of X. Physically 
we interpret a G X{S) as an "adelic" point of space-time. First pulling back u via a 
(i.e. performing a base change of uj with a) we get a morphism a*uj. Recalling the 
identity Tx/s ^x S = V(a*J7^^^) (Proposition 1 1 1 . 1 8) c) ) . then applying the global 
section functor r( • , 5) to a*uj, using the universal property Homx(^', Y xx Z) = 
Homx(^', Y) X }iomx{X' , Z) of fibre products and finally evoking Theorem 1 11. 171 
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in order to provide the identity r{Y{a*^l\^^g)/ S) = {a*Q\^^g)'^ {S), we arrive at a 
morphism 

This morphism is i?-multihnear. Due to Proposition 111.321 and Proposition 111.311 
there are isomorphisms 

{a*Tx/s) {S) = {a*n],^sriS) = Hom^ ((a*f]i,/<,)(S), i?) 

where {a*Q^j^^g){S) is the cotangent-space, and where [a*Tx/s) (S) is the tangent- 
space at the "adehc" space-time point a. Thus uj{a) (i.e. the evaluation of the 
differential form u; at the "adelic" space-time point a) behaves as one would expect: 
It is a multilinear form which maps a tuple of tangent-vectors at a to numbers R. 

b) global multilinearity: u does not only induce a multilinear form pointwise, but also on 
the global sections of the tangent-bundle: In order to see this apply the global sec- 
tion functor T{ - ,X) to uj. Recalling the bijection Homy (y, XxsY) = Hom5(y, X) 
for iS-schemes X and Y, we obtain in particular A^{X) := Homx(^, A^) = 
llomspecz{X,Alp^^^). The latter set equals Romz{I^[T],Ox{X)) = OxiX) due 
to the following lemma. 

11.33 Lemma Let Y be an affine scheme. For any scheme X, the canonical map 
Hom(X,y) Rom{Ox{Y),Ox{X)) 

is bijective. 

PROOF [Liu], Prop. 2.3.25 □ 

Finally, making once again use of the universal property HomxiX' ,Y xx Z) = 
llom.x{X' ,Y) X Homx(^',^) of fibre products and recalling the identification 
Tx/s{X) = r{Tx/s/X) = ^omx{X,Tx/s) of vector fields with global sections of 
the tangent-bundle, we see that uj gives rise to a C'x(-^)-niultilinear map: 

CO : Tx/s{X) X ... X Tx/s{X) Ox{X) 

All in all, oj indeed maps a tuple of vector fields to functions and is linear in each 
component. 

Thus we may think of differential forms in completely the same way as we are used to 
from differential geometry. Using this interpretation of differential forms as multilinear 
forms on vector fields, we may state the following definitions in an elegant way. 

11.34 Definition a) Let / : X — > 5 be a morphism of schemes. The sheaf of 
differential p-forms of X relative S is the p-th exterior product of the Ojf-niodule 

p 

i=l 
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b) The exterior product is a map A : ^x/s ® ~^ defined as follows: 



Thereby 6„. denotes the group of permutations of the numbers 1,... ,n, and a^^ 
is the sign of the permutation, i.e. the number of transpositions which transfer 
1,2, ... ,n into 7r(l), 7r(2), . . . , 7r(n). 

The exterior product has the following properties: 

• {fiai + hot2) A /? = /lai A /? + /2a2 A /3, /i, /2 e Ox 

• a A (/3 A 7) = (a A /?) A 7 

• q;A/3= (-l)'='/3Aa, a G J^^/_5, /3 G J^l^/_5. 

11.35 Remark Prom these properties we conclude that there is a graded algebra of 
differential forms in algebraic geometry, too. More precisely, we may state: 

a) = Ox and $1^/^ = for p < 0. 

b) The are the homogeneous components of (the graded) exterior algebra of 

pel 

c) ^*x/s ^ graded, quasi- coherent, anti-commutative Ox-algebra via the exterior 
product . For open afhne U (Z X one has 

m,^x/s) = A^(u^^x/s) 

where T^U,^}^/^) is considered as a r(J7, Ox)-niodule. 

d) ^x/s = •= ( A ^b/r) X = SpecB and S = Speci? are afhne. 



11.36 Definition The interior product between a vector field t) G Tx/s and a differential 
A;- Form a G ^x/S' A; > 1, is a differential {k — l)-form it,a G ^^^5 defined as follows: 

(ioa)(di, . . . , := a{X), di, . . . , Ofe_i) , 

where Dj G ^/5. 
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Applying the above construction of the exterior product to the sheaf Tx/s of vector fields 
instead of the sheaf ^x/s co- vector fields, we may consider the exterior product 

k 
i=l 

In particular T^^^ = Ox, '^x/s ~ '^^/s '^^^ '^x/s = if ^ < 0- 

11.37 Definition A k-vector field is a global section of Txjg- 

Then we may define a Ox-bilinear morphism (•, •) : T^jg © — ^ means of 

(Bi A • • ■ ^X>k,a) := k\ a{vii,.. . ,0^). 

11.38 Definition The rejuvenation of a differential (fc + Z)-form w G ^^^5 with a k- 
vector field B € T^/g is the Ox-bilinear morphism 

defined as follows: (t>Ja;) (tti, . . . , t);) := (t) A Di A . . . A 

The rejuvenation has the following properties: 

• ifiXi + 12X2) \a = /i(XiJa) + f2{X2\a), 

. Xj(/iai + /2a2) = fi{X\a) + ^(Xjaa). 
A further very important operation is the exterior differential. 

11.39 Theorem There exists a unique endomorphism d : ^x/S ~^ ^X/S sheaves of 
additive groups, the so called exterior differential, such that: 

(i) dod = 0. 

(a) For all open U G X and for all f G r{U,Ox) one has 

df = dx/sf- 

(Hi) For all open U C X, all integers p,q E 7^ and for all pairs of sections lo^ G 
r{U,Q,^^g), LOq G r(J7, O^y^) we have: 

d{Jp A O = {du^'p) A < + (-If a;; A {d^^). 

PROOF [EGA IV4], Thm. 16.6.2 □ 

Especially d is local, because it is a morphism of sheaves; i.e. if q.\u = I3\u for some 
sections a,/3 of Ox and an open subset U <Z X, then 

{da)\u = d{a\u) = d{f3\u) = m\u- 
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11.40 Corollary Let u) £ ^x/s ^'"''^ '^O' ■ ■ ■ ^ "^x/s- Then the exterior differential 
has the following form: 

k 

{duj){Vo, tti, . . . , ttfc) := ^ (-1)* Oi(a;(Oo, . . . , Dj, . . . , Vk)) 

1=0 

+ (-l)*^^^^([Oi,Oi],Oo,...,Oj,...,Dj,...,t)fc) , 

0<i<j<k 

where Vi means that this vector is omitted^ The commutator [•,■] of vector fields is 
defined in Definition \11.41\ 



PROOF One has to check that the three conditions of Theorem 111.391 are fulfilled. In 
order to show (ii) let / £ Ox and D G Tx/s- Then by definition (d/)(t)) := t)(/), 
where on the right hand side d is considered as a derivation by means of Corollary 111.221 
Thus = ^{dx/sf) if ^ is now considered as a dual differential from. Finally the 

canonical isomorphism £ (<S^)^ provides an equality ^{dx/sf) = {dx/sf){^) ■ This 
proves {ii), because d is arbitrary. A longer algebraic manipulation (which is known from 
differential geometry) shows that d fulfills the conditions (i) and {iii) of Definition II 1.361 
too. □ 



11.41 Definition Let X ^ 5 be an 5-scheme, let t3,rD G T{Tx/s/X) be vector fields, 
and let / G Ox- Let us introduce the following abbreviation := d o d. Prom the 
algebraic properties of the derivations d^ and VOd it follows that 

[d,tr](/) := (d,) ((«),)(/)) -M((d,)(/)) 

is a derivation, tooEl The corresponding vector field [d,rd] G T{Txjs/^) is called the 
commutator of d and td. 



Let us conclude with the definition of the Hodge-star operator. For this purpose recall 
that the metric yields an isomorphism g : Tx/s ~^ {Tx/sY — (Definition 14.201) . In 

particular we get isomorphisms 



. nk q-k 



for all A; G N. By Theorem 111.611 there exists a volume form Vg in physical situations. 



® In order to give sense to the expression t)i(a;(Do, . . . , o'i, . . . , 0^)), let us point out that in this situation 
Oi is considered as an S-derivation of Ox by means of Corollarv lll.221 

■ g - (M(/) ■ (f - - / ■ 

= [o,ra](/) + [D,ra](5) for all },g^Ox. 
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11.42 Definition Let X ^ 5 be of relative dimension n and assume that there exists 
a volume form Vg on X. Let a G ^x/S ^ differential /c-form. Then the operator 

*a:= (AV^)(«)J«fl 

is called the Hodge-star operator. 



11.4. Group Schemes 

11.4.1. Definition of group schemes 

Let £ be a category; for example, let £ be the category (Sch/S) of schemes over a fixed 
scheme S. Each object X G £ gives rise to its functor of points 

/ix : £ ^ {Sets) 
which associates to any T G £ the set 

hx{T) := X{T) := Rom{T,X) 

of T- valued points of X. Each morphism X ^ X' in C induces a morphism hx hx' of 
functors by the composition of morphisms in £. In this way one gets a covariant functor 

/ : £^ Horn (£°, (Sets)) 

of £ to the category of covariant functors from £'^ (the dual of £) to the category of sets; 
the category Hom(£°,(Sets)) is denoted by £; it is called the category of contravariant 
functors from £ to (Sets). 

11.43 Proposition The functor h : (t ^ € is fully faithful; i.e., for any two objects 
X, X' G £, the canonical map 

Rome{X,X') ^ Rom^{hx,hx') 

is bijective. More generally, for all objects X E C and J- E C, there is a canonical 
bijection 

r{X) ^Homg.(/ix,^) 

mapping u G J^{X) to the morphism hx ^ which to a T -valued point g G hx{T), where 
T is an object of £, associates the element J-{g){u) G J'iT). The bijection coincides 
with the above one if = hx' and is functorial in X and T in the sense that T i— > 
Hom^(/i(-), JT) defines an isomorphism £ — ^ £. 
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In particular, if a functor T G Hom(^ ,(Sets)) is isomorphic to a functor hx, then X 
is uniquely determined by T up to an isomorphism in the category In this case, 
the functor / is said to be representable. Thus Proposition 1 1 1 .431 savs that the functor h 
defines an equivalence between the category and the full subcategory of Hom(e!'',(Sets)) 
consisting of all representable functors. 

In order to define group objects in the category <t, it is necessary to introduce the 
notion of a law of composition on an object X of <t. By the latter we mean a functorial 
morphism 



J : hx X hx ^ hx- 

Thus, a law of composition on X consists of a collection of maps 

-fT : hx{T) X hx{T) ^ hx{T) 

(laws of composition on the sets of T-valued points of X) where T varies over the objects 
in £. The functoriality of 7 means that all maps 7t are compatible with canonical maps 
between points of X, i.e., for any morphism it : T' — > T in (£, the diagram 



hx{T) X hx{T) 

hx(u)xhx(u) 



It 



hx{T) 

hx{u) 



hx{r)xhx{T')^hx{T') 



is commutative. If the law of composition has the property that hx{T) is a group under 
7t for all T, then 7 defines on hx the structure of a group functor, i.e., of a contravariant 
functor from C to the category of groups. In this case, 7 is called a group law of X. 

11.44 Definition A group object in <t is an object X together with a law of composition 
7 : /ix X hx hx which is a group law. 

It follows that a group object in £ is equivalent to a group functor which, as a functor 
to the category of sets, is representable. 

When dealing with group objects, it is convenient to know that the category in question 
contains direct products and a final object, say S. The latter means that, for each object 
T of <t, there is a unique morphism T ^ S. So, in the following, assume that C is 
of this type, and consider a groups object X of <t with group law 7. Then, since the 
product X X X exists in £ and since the functor /i : £ — > Hom(e!'',(Sets)) commutes with 
direct products, the law of composition 7 : hx x hx ^ hx corresponds to a morphism 
m : X X X ^ X , as is seen by using Proposition 111.431 Furthermore, the injection of 
the unit element into each group hx{T) yields a natural transformation from hs to hx, 
hence it corresponds to a morphism 



e:S^X, 
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called the unit section of X which is a section of the unique morphism X ^ S. Finally, 
the formation of the inverse in each hx{T) defines a natural transformation hx — > hx 
and hence a morphism 

l:X^X, 

called the inverse map on X. The group axioms which are satisfied by the groups hx{T), 
and hence by the functor hx, correspond to certain properties of the maps m,£ and l. 
Namely, the following diagrams are commutative: 



a) associativity 



X^XxX^^XxX 



X xX- 



^X 



b) existence of a left-identity 



xJ^SxX^XxX 



idx 



where p : X ^ S is the morphism from X to the final object S. 
c) existence of a left-inverse 

{b,idx ) 



X 



■X xX 



-^X 



d) commutativity (only if all groups hx(T) are commutative) 

X xX—^Xx X 




where r commutes the factors. 

Note that a left-identity is also a right-identity and that a left-inverse is also a right- 
inverse. It is clear that once we have an object X and morphisms m, e and i with the 
above properties, we can construct a group object in the given category from these data, 
and furthermore that group objects in € and data (X, m, e, i) correspond bijectively to 
each other. 
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11.45 Proposition The group objects in a category C correspond one-to-one to data 
(X, m, e, i) where X is an object of <t and where 



m: X X X ^ X, e : S ^ X, l : X ^ X 



are morphisms in such that the diagrams a), b),c) above are commutative. Furthermore, 
a group object in <t is commutative if and only if, in addition, the corresponding diagram 
d) is commutative. 

In the following we restrict ourselves to the category (Sch/S) of 5-schemes where 5 is a 
fixed base scheme. Then the direct product in (Sch/S) is given by the fibred product of 
schemes over 5, and the 5-scheme 5 is a final object in (Sch/S). 

11.46 Definition An 5-group scheme is a group object in the category of 5-schemes 
(Sch/S). 



Due to Proposition ! 1 1 .451 an 5-group scheme G can be viewed as an 5-scheme X together 
with appropriate morphisms m, e and i. When no confusion about the group structure 
is possible, we will not mention these morphisms explicitly. In particular, in our notation 
we will make no difference between the group object G and the associated representing 
scheme X. Also we want to pint out that there exist group functors on (Sch/S) which 
are not representable and thus do not correspond to 5-group schemes. 

It follows immediately from Definition 111.461 that the technique of base change can 
be applied to group schemes. Thus, for any base change 5' — > 5, one obtains from an 
5-group scheme G an 5'-group scheme Gs' := G x s S' . 

Let us look at some examples of 5-group schemes. We start with the classical groups 
Ga (the additive group), Gm (the multiplicative group), GL„ (the general linear group), 
and PGLn (the projective general linear group). In terms of group functors, these groups 
are defined as follows. For any 5-scheme T set 



Ga(T) 
Gm{T) 

GL^(T) 
PGLn(T) 



the additive group Ot(T) 
the group of units in Ot(T) 

the group of Cr(T')-hnear automorphisms of (OT(T)y 
AutT(P(Or))- 



All these group functors are representable by affine schemes over Z. Working over 5 := 
Spec Z, the additive group is represented by the scheme X := Spec (( is an indeter- 
minate), where the group law m : X xX ^ X corresponds to the algebra homomorphism 



z[c] ^z[C]®zZ[c], C^C®i + i®C- 

Similarly, for Gm, the representing object is SpecZ[C, (^^^] with the group law given by 
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11.4.2. The Lie-algebra as a functor 

Let G be a group functor over S and denote hy e : S ^ G the unit section. Recall from 
Definition 111.101 that the O^-module L^^^(A^) denotes the tangent space of G over 5 at 
e. Then we introduce the following notation: 

11.47 Definition The 05-module L\e{G/S,M) := L^yg(A^) is called the Lie-algebra 
of G relative Ai. In particular, 

:= UeiG/S) := Ue{G/S, Os) 

is called the Lie-algebra of G. 

By Proposition 111.131 TQ/s{Ai) and Lie{G/S,M.) carry a group structure over S which 
is induced by the group structure on G. Furthermore, by definition of L^yg(7W), there 
is a cartesian diagram 

Ue{G/S,M)^TG/siM) 

p 

•I 

S ^ G 

and we recognize Lie(G/S', A^) as the kernel of the canonical projection p. In particular, 
we get morphisms of groups 

p 

UeiG/S,M)^TG/siM) ^ G, 

s 

where s is a section of p. Due to the following Proposition 111.481 T(j/s{M) is the semi- 
direct product of G and Lie{G/S,M.). 

11.48 Proposition Left := (Sch/S) be the category of schemes over S. Let f : W ^ G 
be a morphism of t-groups, and let LL{S) := ker f{S). Let u : G ^ W be a morphism 
of ^-groups which is a section of f (in particular a monomorphism) . Then W is the 
semi-direct product of H and G with an operation of G on H given by the interior 
automorphism 

{g, h) ^ Int{u{g)) ■ h := u{g) ■ h ■ u{g)~'^ 
for all g G G{S), h G H{S) and S e Oht. 

PROOF [SGA 3], Expose I, Prop. 2.3.7 □ 

The corresponding operation of G on Lie{G/S,M.) is denoted by Ad and is called the 
adjoint representation of G. By definition we have got 

Ad{x)X = i-^{s{x)i{X)s{x)-^) for all x G G{S') and X G Ue{G/S,M){S'). 
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If G and H are two group functors over S and if / : G — > if is a group homomorphism, 
then (by means of functoriality) we arrive at a commutative diagram with exact rows: 



1 



■Ue{G/S,M) 

Lie(/) 



■Tg/s{M) 

TU) 



G- 



■Ue{H/S,M) ^TH/siM) 



H 



11.49 Proposition Let g G G{S). Then the adjoint representation Ad of G can be 
written as follows: 

Ad{g) = Ue{Int{g)). 

PROOF Ad{g)X = i-^{Int{g)i{X)) = Ue{Int{g)){X). □ 

def 

Remark: Recalhng Definition 111.61 let us assume that G/S verifies (E). This is for 
example true if G is representable by an 5-group scheme. Then Ad{g) respects the Og- 
module structure of Lie{G/S,J^), i.e. in this case Ad is a linear representation of G in 
the 05-module Ue{G/S,M): 

Ad : G ^ Auto,-iin{Ue{G/S,M)). 

As one is used to from differential geometry, one may identify the Lie-algebra with left- 
invariant vector fields. 

11.50 Proposition There is an isomorphism 

ilomiG,Ue{G/S,M)) ^ T{TG/siM)/G), 
f - Sf 
where Sf{g) := i{f{g)) ■ s{g) for all g £ G{S') and for all S' — > S. 

PROOF see [SGA 3], page 61 □ 

If /i is an automorphism of functors over 5, to each section t ofTQ/s{Ai) can be associated 
the unique section h{t) making the following diagram commutative: 



G- 



hit) 



■Tc/siM) 

T{h) 



G^^Tg/s{M) 

In particular, we can choose h to be the right-translation with x G G{S): 

h{g) := t^ig) := g ■ X g e G{S') and S' ^ S. 

Then the isomorphism of Proposition 111.501 is compatible with right-translations. In 
particular those sections, which are invariant under right translations, are mapped to 
constant morphisms of G to Lie{G/S,M.), i.e. to morphisms which factorize over S. 
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11.51 Proposition The map 

UeiG/S,M)iS) ^ T{Tg/s{M)/G) 
X ^ (x ^ X ■ x), 

is an isomorphism of Lie{G/S,M.){S) to those sections of T{Tqis{M)/G) which are 
invariant under right-translation. 

PROOF [SGA 3], Expose II, Prop. 4.1.2 □ 
11.4.3. The maps Ad and ad 

11.52 Definition A O^-module is called good, if the canonical morphism 
is an isomorphism. 

11.53 Definition A group functor G over S is called good, if it verifies (E) (see Defini- 
tion [TL6]) and if Lie(G/S') is a good O^-module. 

Remark: Let us remark that a group functor G over S which is representable by a 
scheme G is good. This will be the case in the physical situations we are going to 
consider. For more details on "good O^-modules" see e.g. [SGA 3], Expose II, Chap. 
4. We are just interested in some theorems about good modules which show that many 
classical, differential geometric results concerning the Lie-algebra of Lie-groups carry over 
to algebraic geometry. 

11.54 Proposition IfJ^ is a good Og-module, the O^-module structure of Lie{J^ / S , M.) 
is induced by that of J- . 

PROOF [SGA 3], Expose II, Cor. of Def. 4.4 □ 

11.55 Proposition If is a good O_g-module, there is a functorial isomorphism 

Ue{Ani^^_i,^{T)/S,M) ^ mmo,-Un{J',Ue{r/S,M)). 

In particular: 

Lie(Aut0^_,,„(.F)/5) ^ Endo^_z,„(.F). 

PROOF [SGA 3], Expose II, Prop. 4.6 □ 

Let now G be a good 5-group-scheme. Then Lie(G//S') is a good 05-module. We already 
introduced the linear representation Ad of G in the O^-module Lie(G/S'): 

Ad:G ^ Autc2^_,,„(Lie(G/S)) 
g ^ Ue{Int(g)). 



174 



11. Appendix II 



Applying the functor Lie and using Proposition 111.551 we arrive at the O^^-module mor- 
phism ad: 

ad: Ue{G/S) Endo^-Hni^HG / S)) 
which may also be considered as a bilinear morphism 

Ue{G/S) xs Ue{G/S) Ue{G/S), {x, y) ^ [x, y] := ad(x)(y) 
where x,y E Ue{G/S){S') = Ue{Gs'/S'){S'). 

11.56 Proposition Let G be a representable group functor over S (or more generally a 
group functor which is a subfunctor of a representable group over S). Then Lie(G/5) is 
a 0_g- Lie- algebra, i.e.: 

(i) [x,x\ = 0; 

(ii) [x,y] + [y,x\ = 0; 

(Hi) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0. 

PROOF [SGA 3], Expose II, pages 68-72 □ 
11.4.4. The Lie-algebra and invariant differential forms 

In subsection II 1.4.21 we stated several results about the Lie-algebra of an S'-group scheme 
G. In analogy to differential geometry, Proposition 1 1 1 .501 states the one-to-one correspon- 
dence of elements of the Lie- Algebra Lie{G/S,M.){S) and left-invariant global sections 
of the tangent-bundle T{G,TQ/s{Ai)). 

In this paragraph we will recall these statements from the dual point of view, i.e. we 
will consider differential forms instead of vector fields. In order to this, we first introduce 
the notion of translations on an S-group scheme G for a given T- valued point g : T ^ G, 
i.e. an S-morphism from an 5-scheme T to G. 

Throughout this section, let G be a group scheme over a fixed scheme S. First we want 
to introduce the notion of translations on G. In order to do this, consider a T-valued 
point 

g-T^G 

of G; i.e., an 5-morphism from an 5-scheme T to G. Then g gives rise to the T-valued 
point 

gr := {g,idT) : T ^ Gt := G x s T 

of the T-scheme Gt := G Xs T. If pi : Gt G denotes the first projection, we have 
9 = Pi ° dT- In the special case where T := G and where g := id^ is the so called 
universal point of G, the morphism gx equals the diagonal morphism A of G. For any 
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other T-valued point g of G, the morphism gT is obtained from A by performing the 
base change g : T ^ G. 

As usual, let m : G X5 G ^ G be the group law of G and write mr for its extension 
when a base change T ^ 5 is applied to G. Then, for any T-valued point g of G, we 
define the left translation by 

Tg : Gt — > T Xx Gt ^~ — ^ Gt Gt — ~^ Gt 
and the right translation by 

Tg . KjT ^ Lry X J" i > ijj- Xt LrT > LtT- 

Both morphisms are isomorphisms. Quite often we will drop the index T and characterize 
the map Tg by writing 

Tg : G ^ G, X I— > gx; 

the same procedure will be applied for Tg and for similar morphisms. In the special 
case where T := G and g := idc is the universal point, Tg is the so-called universal left 
translation, namely the morphism 

<^>:TxsG^TxsG, {x,y) ^ {x,xy). 

Similarly, Tg gives rise to the universal right translation 

^ -.GxsT^GxsT, {x,y)^ {xy,y). 

Each left translation by a T-valued point g : T ^ G is obtained from the universal left 
translation $ by performing the base change 5 : T ^ G; in a similar way one can proceed 
with right translations. 

Now let us consider the sheaf ^q^^ of relative differential forms of some degree i > 
on G; it is defined as the i-th exterior power of ^Q^g (see Definition lll.34p . For any 
5-scheme T and any T-valued point g G G{T), the left translation Tg : Gt Gt gives 
rise to an isomorphism!! 

A global section uj in i^^y^ is called left-invariant if TgOJT = in ^Gt/t ^^'^ 9 ^ ^(^) 
and all T, where ujt is the pull-back of uj with respect to the projection pi : Gt G. 
Using right translations r/, one defines right-invariant differential forms in the same way. 
Since each translation on the group scheme Gt is obtained by base change from the 
universal translation, it is clear that one has to check the invariance under translations 
only for the universal translation. Generally, in connection with translations, we will 
drop the index T and write uj instead of lot if no confusion is possible. Within this 
context, let us state the following two remarks: 

*This isomorphism is the canonical pull-back morphism induced by Tg. In the special case of differential 
forms it was introduced in Definition [L3j for the general case of forms of higher degree see Definition 
[7:201 
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a) All morphisms qt '■ T ^ Gt for a given g : T ^ G are induced by base change 
from A : G XsG. 

b) Consider two global sections uj and uj' of a sheaf F on G, let Ft denote the pull-back 
of F to Gt. Then: 

Similarly two sheaves are isomorphic if their restriction to each T- valued point of 
G are isomorphic. 

11.57 Proposition Let G be an S -group scheme with unit section e : S ^ G. Then, 
for each ujq S r(S', e*0^^^), there exists a unique left-invariant differential form uj G 

r(G, O^y^) such that e*uj = ojq in e*fl^y^. The same is true for right-invariant differ- 
ential forms. 

PROOF Let us shortly indicate, how the left invariant differential form u) is obtained 
from wq. For details of the prove, we refer the reader to [BLR], Prop 4.2/1. Due to 
the uniqueness assertion, the problem is local in 5 (because we may glue). Furthermore 
it suffices to consider the case i = 1. Thus we may assume that lifts to a section 
uj' of ^Q/g which is defined over a neighborhood U of the unit section. This is due to 
the fact that {e*nl,^g){S) = {nl,^g){U) ®Og(U) Os{S) if 5 and [/ C G are affine, and 
that p* : Os{S) ^ Og{U) is injective, because p : G ^ S has the section e. Then the 
decomposition plQ^^^ ®P2^g/s — * ^GxsG/s °^ Proposition 11.71 gives a decomposition 
m*uj' = uji (B UJ2 over m^^{U), where mrGxs'G^G is the multiplication. If S : 
G^GxsG,x^ denotes the twisted diagonal morphism, m*uj' is defined in 

a neighborhood of the image of 6 so that 6*uj2 gives rise to a global section uj of ^Q/g- 
Then UJ is the searched left-invariant differential form with £*uj — (Jq in £*il.^^g. 

In particular the association "-^ is C'5(S)-linear. □ 

11.58 Proposition There are canonical isomorphisms 

p*e*ni;^g ^ Qij/g for alii eN 

which are obtained by extending sections in e*0^y^ to left-invariant sections in ^Q^g- 
Similar isomorphisms are obtained by using right-invariant differential forms. 

PROOF [BLR], Prop 4.2/2 □ 

As a direct consequence we obtain: 

11.59 Corollary Let G be a smooth S -group scheme of relative dimension n, and as- 
sume that e*Q,Q^g is free. Then ^q/^ is free Os-module generated by (^) left-invariant 
differential forms of degree i. The same is true for right-invariant differential forms. 
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In physical applications, space-time is given by the set of S'-sections X{S) of a smooth, 
separated algebraic space X ^ S with certain further properties (see Definition 10.41 for 
a complete list of properties of X). In special cases, X is even a group object and 
thus carries a canonical CPT-operation (see Definition 10. 7p . Then, all results on group 
schemes, which are summarized above, are valid for X. The preceding Corollary II 1.591 is 
the basis for the proof that there exists a volume form v in X. This result is essential, 
because we need to make use of a volume form within our physical purposes of a Yang- 
Mills theory over rings. 

11.60 Definition Let X ^ S he a smooth 5-scheme of relative dimension n (in partic- 
ular ^^^g is a line-bundle). Let us assume that there exists a global section v G Q^^g{X) 
which generates ^x/s- Then v is called a volume form on X. 

11.61 Theorem Let S = Speci? be the spectrum of a Dedekind ring R which is a 
principal ideal domain. Let X ^ S be a smooth S -group scheme of relative dimension 
n. Then the sheaves ^^x/s ^''^ -^^^^ Ox-modules generated by left-invariant differential 
forms of degree i. In particular there exists a volume form on X . 

PROOF By Corollory 111.591 it suffices to show that is a free O^-module. We 

already know that e*0^y^ is a locally free O^-module, because it is the pull-back of 
the locally free O^-module ^'^x/s- ^'^^ to the well-known fact that vector bundles over 
a scheme S and locally free Os-modules are in one-to-one correspondence, it suffices to 
show that (up to isomorphism) there are only trivial vector bundles over 5; i.e. it suffices 
to show that Kq{R) = Z. But the ideal class group Cl{R) of R is the trivial group {1} 
if and only if i? is a principal ideal domain. Thus we are done by the following result 
which may be found in nearly every book on algebraic i^-theory. □ 

11.62 Proposition Let R be a Dedekind ring and let Cl{R) denote the ideal class group 
of R. Then there is an isomorphism of groups: 

Ko{R) ^ Z © Cl{R) 

11.63 Corollary Let X ^ S be a model of type (SR) (see Definition \0. Then there 
exists a volume form v on X . 

As we are finally interested in physical applications, let us from now on assume that G 
is a smooth S-group scheme of relative dimension n, and that there is a left-invariant 
differential form w G J7^^^(G) generating J^^^^ as an Oc-module. Performing a base 
change with the canonical morphism Gk — > G (where K is the field of fractions of 5) , uj 
is pulled back to a left-invariant differential form ojk G ^Gk/k(^k) generating Q^j^/k- 
Interpreting the generic fibre as classical limit (as explained in section [HTTI) . we may 
interpret lok as the classical limit of uo. Let us finish this section with the prove that 
the volume form is invariant with respect to translations if G describes space-time 
itself. By Theorem 13.121 the latter means that the generic fibre Gk of G is given by 
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an abelian variety. In particular, Gk is bounded by Proposition 13.231 i.e. GxiK^'^) is 
bounded. More precisely, we claim that ujk is not only invariant with respect to left- 
translations, but that furthermore |r'*wx| = \^^k\ for all right-translations by physical 
points g G Gk{K'''^) and for all valuation | • | (i.e. prime spots p) corresponding to closed 
points s G S. Before stating the proof of this translation invariance, let us first recall 
the definition of the interior automorphism which was already considered in subsection 

11.64 Definition For an arbitrary T-valued point 5 of G we define the interior auto- 
morphism 

Int(g) := Tg o r^„i : G — > G, gxg~^ 

induced by g. 

Now our claim is a direct consequence of the following two propositions. 

11.65 Proposition There exists a unique group homomorphism x ■ G ^ Gm (a so 
called character on G), such that 

Int(g)*uj = t'*-iuj = x{a)^ 

for each T-valued point g of G. 

PROOF [BLR], Prop. 4.2/4 □ 

11.66 Proposition Let Gk be a smooth K-group of relative dimension n, and assume 
that Gk{K) (resp. Gk{K^^)) is hounded in Gk- Then the character x considered in 
Proposition \11.65\ satisfies \x{9)\ = 1 for each g G GKiK'"^^) (resp. each g S Gk{K'^^))- 

PROOF [BLR], Prop. 4.2/5 □ 

11.5. Faithfully flat descent 

Let p : S' ^ S be a morphism of schemes and consider the functor — > p*J^ which 
associates to each quasi-coherent 05-module T its pull-back under p. Then, in its sim- 
plest form, the problem of descent relative to p : S" ^ 5 is to characterize the image 
of this functor. But descent may also be viewed as a natural generalization of a patch- 
ing problem. The procedure of solution is as follows. Set S" := S' xs 5", and let 
Pi : S" S' be the projection onto the z-th factor {i = 1,2). For any quasi-coherent 
O^z-module J^' , call an ^''-isomorphism ip : p^T' p\T' a covering datum of T' . Then 
the pairs {!F'.,(p) of quasi-coherent C^'-modules with covering data form a category in 
a natural way. A morphism between two such objects {J^',(p) and {G',ip) consists of an 
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Cgz-module-homomorphism f : T' ^ Q' which is compatible with the covering data (/p 
and V'; thereby we mean that the diagram 



Plf 



is commutative. 

Starting with a quasi-coherent Og-module T, we have a natural covering datum on 
p*J^ which consists of the canonical isomorphism 

pW^) = {popir:F={pop.,r:F^pi{p*:F). 

So we can interpret the functor JT p*J^ as a functor into the category of quasi- 
coherent O^'-modules with covering data. It is this functor which will be of interest in 
the following. It turns out that this functor is fully faithful if p : 5" ^ 5 is faithfully flat 
and quasi-compact (see e.g. [BLR], Prop. 6.1/1). Furthermore, it is an equivalence of 
categories if, instead of covering data, we consider descent data. A descent datum is a 
special covering datum which satisfies a certain cocycle condition. In order to introduce 
them, set S'" := S' Xs S' X5 S", and let pij : S'" S" be the projection onto the factors 
with indices i and j for i < j; i,j = 1,2,3. In order that a quasi- coherent Cgz-module 
J^' with covering datum if : p\J^' p\T' belongs to the essential image of the functor 
T p*J^, it is necessary that the diagram 

n* ri* T' ^^^"^a n* n* T' — n* n* T' ^^'^'^ n* n* T' 
P12PI'' ^Pl2P2'' — P23PI'' ^ P2ZP2'' 



Pl^Pl^' — -p\zpI:f' 

is commutative; the unspecified identities are the canonical ones. Namely, if T' is the 
pull-back under p of a quasi- coherent O^-module and if <^ is the natural covering datum 

on JT', then the diagram is commutative, because all occurring isomorphisms are the 
identical ones. The commutativity of the diagram is referred to as the cocycle condition 
for if\ in short, we can write it as 

It corresponds to the usual cocyle condition on triple overlaps when a global object is 
to be constructed by gluing local parts. A covering datum (p on J^' which satisfies the 
cocycle condition is called a descent datum on J^' . The descent datum is called effective 
if the pair {T' , ip) is isomorphic to the pull-back p*J^ of a quasi-coherent 5-module T 
where, on p*T, we consider the canonical descent datum. Also we want to mention that 
the notions of covering and descent datum are compatible with base change over S. Now 
we are ready to state the desired result on the descent of quasi- coherent S"-modules due 
to Grothendieck. 
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11.67 Theorem Let p : S' ^ S be faithfully flat and quasi- compact. Then the functor 
T P*^, which goes from quasi- coherent Os-modules to quasi- coherent Os^ -modules 
with descent data, is an equivalence of categories. 

PROOF [BLR], Thm. 6.1/4 □ 

11.68 Remark (Etale coverings). Consider a quasi-separated scheme S and a finite 
etale covering (5, — > of S (see Definition I7.5|l . Let S' := Yii^j Si be the disjoint 
union of the Si, and let p : S" — > S" be the canonical projection. Note that p is faithfully 
flat and quasi-compact. A quasi-coherent O^'-module may be thought of as a family of 

-modules J^i. Under what conditions does J^' descent to a quasi- coherent O^-module 
J^; i.e. under what conditions can one glue the Ti in order to obtain a quasi- coherent O5- 
module from them? By Theorem 111.671 we need a descent datum for with respect 
to p : S" — > S". Such a datum consists of an isomorphism ip : p\T' —>■ p^F' satisfying the 
cocycle condition, where p\ and p2 are the projections from S" to S' . In our case, we 
have 

S" = S' ^sS' = ]J Sij, 

where Sij := Si Xs Sj. Thus the isomorphism ip consists of a family of isomorphisms 

^ij ■ Fi \s,,^ Fj \s,j 
satisfying the cocycle condition, namely, the condition that 

for all i,j,k £ I, where Sijk := Si xs Sj xs Sk- Thereby, J^i l^-^ denotes the pull-back 
p* J^i of !Fi under the canonical projection pi : Si xg Sj — > Si, etc. 

So the descent datum ip in the form of the above family of isomorphism is the patching 
datum for the O^.-modules Ti with respect to etale topology on S. 

Keeping the morphism S' — > S, one may also study the problem of when an S"-scheme 
X' descends to an 5-scheme X. The general setting will be the same as in the case of 
quasi-coherent modules, and the definitions we have given can easily be adapted to the 
new situation. For example, a descent datum on an S' -scheme X' is an ^''-isomorphism 

(/> : plX' ^ p*X' 

which satisfies the cocycle condition; p^X' is the scheme obtained from X' by applying 
the base change pi : S" S' . Again there is a canonical functor X p*X from 
S'-schemes to 5'-schemes with descent data. 

11.69 Theorem Let p : S' ^ S be faithfully flat and quasi- compact. Then the functor 
X p*X from S-schemes to S' -schemes with descent data is fully faithful. 



PROOF [BLR], Thm. 6.1/6 



□ 
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